
3FTDVF $VMUVSF

*O B DPNQSFIFOTJWF EFCU�mOBODJOH NPEFM
 * TIPX iSFTDVFw�DFOUSJD CBOL�
SVQUDZ BOUJDJQBUFT NPUJWFT DSFEJUPST EP OPU IBWF� "MUIPVHI PVU�PG�DPVSU
TFUUMFNFOUT EPNJOBUF BOE GPSNBM QSPDFEVSFT BSF SBSFMZ VTFE
 JOTPMWFOU
CPSSPXFST OFWFSUIFMFTT FYUSBDU DPODFTTJPOT GSPN DSFEJUPST VOMFTT TVQFS�
WJTFE SFPSHBOJTBUJPO JT ��� QFSDFOU GSFF� ɩFZ QBZ GPS JU
 PG DPVSTF
 XJUI
JOFċDJFOU DPOUJOVBUJPO BOE MJRVJEBUJPO
 FYQFOTJWF EFCU BOE DSFEJU�SB�
UJPOJOH� *SPOJDBMMZ
 SFTDVF DVMUVSF IJUT IBSEFTU UIF mSNT JU QVSQPSUT UP
TBWF ZFU CFOFmUT DSFEJUPST
 XIPN JU DMBJNT UP DIFDL� 'JSNT XJUI MPOH
FYQFDUFE MJGFTQBOT BSF FJUIFS UIF mSTU EFOJFE DSFEJU PS UIF mSTU UP NBLF
JOWFTUNFOU DIPJDFT UIBU HVBSBOUFF QSFNBUVSF MJRVJEBUJPO� $SFEJUPST
 PO
UIF PUIFS IBOE
 FOKPZ B QSPmUBCMF OJDIF MFOEJOH NBSLFU JO BO PUIFSXJTF
QFSGFDUMZ DPNQFUJUJWF JOEVTUSZ�

� *OUSPEVDUJPO
*O ���� UIF 6�,� JOUSPEVDFE BENJOJTUSBUJPO� CBOLSVQUDZ QSPDFEVSFT BJNFE BU SF�
IBCJMJUBUJOH JOTPMWFOU EFCUPST�� $BMMFE SFPSHBOJTBUJPO FMTFXIFSF BOE BOBMPHPVT UP
6�4� $IBQUFS ��
 BENJOJTUSBUJPO BOTXFSFE QPMJUJDBM DPODFSO UIBU UPP NBOZ mOBODJBMMZ
EJTUSFTTFE mSNT XFSF VOOFDFTTBSJMZ MJRVJEBUFE�PS MFGU UP GBJM�EFTQJUF B SFBTPOBCMF
DIBODF PG TVSWJWBM 	$PSL 3FQPSU ����
� ɩF iSFTDVF DVMUVSFw JU GPTUFSFE XBT UIPVHIU UP
NBYJNJTF QSPmUT
 QSFWFOU KPC MPTT BOE VQIPME DSFEJUPST� MPOH�UFSN JOUFSFTUT�

*O B DPNQSFIFOTJWF EFCU mOBODJOH NPEFM
 * TIPX SFTDVF DVMUVSF OFJUIFS NBYJN�
JTFT QSPmUT OPS QSFWFOUT KPC MPTT� *OTUFBE
 JU PCTUSVDUT mSN DSFBUJPO JO UIF mSTU QMBDF PS
TVQQMBOUT PUIFSXJTF DFSUBJO TVSWJWBM XJUI VQGSPOU JOWFTUNFOU DIPJDFT UIBU NBLF QSF�
NBUVSF MJRVJEBUJPO OPU KVTU IJHIMZ MJLFMZ JO mOBODJBM EJTUSFTT CVU WJSUVBMMZ HVBSBOUFFE
TIPVME UIF mSN SFNBJO TPMWFOU� ɩF POMZ HPBM SFTDVF DVMUVSF EPFT TFSWF JT DSFEJUPST�
MPOH�UFSN JOUFSFTUT�CZ JOUSPEVDJOH B QSPmUBCMF OJDIF MFOEJOHNBSLFU JO BO PUIFSXJTF
[FSP�QSPmU JOEVTUSZ�

.Z TUBSUJOH QPJOU JT UIBU BENJOJTUSBUJPO JT UJNF�DPOTVNJOH
 BSEVPVT BOE FYQFOT�
JWF� 6OJUFE "JSMJOFT TQFOU ���� NJMMJPO PO MFHBM BOE QSPGFTTJPOBM TFSWJDFT SFMBUFE UP JUT
SFPSHBOJTBUJPO� 8PSME$PN UPQQFE PVU BU ���� NJMMJPO 	#FSL BOE %F.BS[P
 ����
�
*O /FX :PSL
 QSPDFEVSFT MBTU UISFF ZFBST 	8FJTT
 ����
 BOE GFFT FBU VQ �o� QFSDFOU
PG mSN WBMVF 	-P1VDLJ BOE %PIFSUZ
 ����� 8BSOFS
 ����� 8FJTT
 ����
� $VTUPNFST
BSF SFUJDFOU UP CVZ HPPET 	5JUNBO
 ����

 TVQQMJFST IFTJUBUF UP QSPWJEF JOWFOUPSZ BOE
�* UIBOL NZ TVQFSWJTPS
 $ISJTUPQIFS )BSSJT
 NZ SFTFBSDI BEWJTPS
 .FMWZO 8FFLT
 )BNJTI -PX
 +FSFNZ
&EXBSET
 4ÚOKF 3FJDIF
 1SBNJMB ,SJTIOBO BOE UIF &NQJSJDBM .JDSPFDPOPNJD 8PSLTIPQ QBSUJDJQBOUT
BU UIF 6OJWFSTJUZ PG $BNCSJEHF�

�6�,� MBX SFTFSWFT iCBOLSVQUDZw GPS mOBODJBMMZ EJTUSFTTFE JOEJWJEVBMT BOE iJOTPMWFODZw GPS UIFJS DPSQPSBUF
DPVOUFSQBSUT� * VTF CPUI XPSET QFS DPMMPRVJBM EFmOJUJPOT� CBOLSVQUDZ JT UIF MFHBM TUBUVT BOE JOTPMWFODZ
UIF TUBUF PG OPU CFJOH BCMF UP QBZ POF�T EFCUT�

�
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FNQMPZFFT MFBWF 	#FSL FU BM�
 ����
� )VOHBSJBO USVTUFFT EFMBZ MJRVJEBUJPO 	'SBOLT BOE
-ØSÈOUI
 ����
� UIFJS DPVOUFSQBSUT JO 3VTTJB FNCF[[MF DBTI 	-BNCFSU�.PHJMJBOTLZ
FU BM�
 ����
�

ɩFTF DPTUT NBUUFS� UIFZ DPOUSJCVUF UP FYQFOTJWF EFCU
 EFMBZFE MJRVJEBUJPO
 TVC�
PQUJNBM JOWFTUNFOU BOE DSFEJU SBUJPOJOH� -JNJUFE MJBCJMJUZ NBLFT DSFEJUPST EJTQSPQPS�
UJPOBUFMZ SFTQPOTJCMF GPS SFPSHBOJTBUJPO�T JNQBDU PO GVUVSF FBSOJOHT� *OTPMWFOU CPS�
SPXFST FYQMPJU UIF JNCBMBODF CZ EFNBOEJOH FYDFTTJWF EFCU XSJUF�EPXOT JO PCWJPVT
WJPMBUJPO UP BCTPMVUF QSJPSJUZ� ɩJT DVUT DSFEJUPS FBSOJOHT
 EJTDPVSBHFT WPMVOUBSZ MJ�
RVJEBUJPO BOE TPNFUJNFT SFOEFST MFOEJOH VOQSPmUBCMF��

*OTPMWFOU mSNT UIBU PVHIU UP DPOUJOVF BMXBZT EP�JO TFUUMFNFOUT LOPXO BT XPSL�
PVUT�� 'JSNT XJUI IJHI FYQFDUFE FBSOJOHT SFMBUJWF UP VQGSPOU JOWFTUNFOU IBWF UIFNPTU
UP HBJO GSPN B XPSLPVU� 4P EP UIFJS DSFEJUPST� 3FPSHBOJTBUJPO JT FYQFOTJWF BOE QSPC�
BCMF� OPU POMZ XJMM FRVJUZ OFWFS XJMMJOHMZ MJRVJEBUF
 CVU JG QVU UP B KVEHF TIF XJMM MJLFMZ
BHSFF� #BOLSVQUDZ IBT SFBM DPOTFRVFODFT BOE DSFEJUPST B SFBM EFTJSF UP BWPJE JU� UIFZ
RVJDLMZ BDRVJFTDF UP JOUFNQFSBUF XSJUF�EPXOT��

1PUFOUJBM CPSSPXFST MPTF� 8PSLPVUT BWPJE XBTUFGVM SFMJBODF PO BO JOFĊFDUJWF CBOL�
SVQUDZ SFHJNF CVU MFOEFS XSJUF�EPXOT BSF TUJMM QSPQPSUJPOBM UP UIF DPTU PG UIBU SFHJNF�
"T JT PGUFO UIF DBTF
 IPXFWFS
 JU JT mSNT� QSF�CPSSPXJOH TFMWFT BOE TPMWFOU QFFST XIP
SFBMMZ QBZ UIF DPTU�� 'PS TPNF
 DSFEJU JT NFSFMZ NPSF FYQFOTJWF� 'PS PUIFST
 JU JT SB�
UJPOFE PS PCUBJOFE POMZ CZ JOEVDJOH QSFNBUVSF MJRVJEBUJPO�� )JHIFS JOUFSFTU SBUFT
FODPVSBHF NPSF XPSLPVUT TP DSFEJUPST EP OPU MFOE NPOFZ OP NBUUFS IPX NVDI CPS�
SPXFST BSF XJMMJOH UP QBZ� 5P TVSNPVOU UIJT
 mSNT PWFS�JOWFTU JO QIZTJDBM PS USBEBCMF
JOUBOHJCMF BTTFUT UP JODSFBTF CPUI KVEJDJBM MJLFMJIPPE PG MJRVJEBUJPO BOE B EFTJSF UP
WPMVOUBSJMZ EP TP UIFNTFMWFT�

*OTPMWFOU mSNT UIBU PVHIU UP MJRVJEBUF POMZ TPNFUJNFT EP CVU OFWFSUIFMFTT GBDF
GFXFS VQGSPOU SFQFSDVTTJPOT JO UIF MFOEJOH NBSLFU�� "MUIPVHI UIFZ GSFRVFOUMZ DPO�
UJOVF XIFO UIFZ TIPVMEO�U BOE JOUFSNJUUFOUMZ FWFO mMF GPS CBOLSVQUDZ
 UIFJS TIPSUFS
FYQFDUFE MJGFTQBOT NFBO FRVJUZ VTVBMMZ GPSHP CPUI UP MJRVJEBUF�� 'SPN UIF DSFEJUPS�T
QFSTQFDUJWF
 XPSLPVUT 	BOE CBOLSVQUDZ
 BSF SJTLFS� SFUVSOT BSF MPXFS� ɩFZ DMFBSMZ
QSFGFS MFOEJOH UP CPSSPXFST XIP XBOU UIFN MFTT PGUFO�
�&BSMJFS NPEFMT CZ #FCDIVL 	����
 BOE -POHIPGFS 	����
 JEFOUJmFE EFWJBUJPOT UP BCTPMVUF QSJPSJUZ BT
LFZ DBVTFT PG DSFEJU�SBUJPOJOH�

�ɩJT DPODMVTJPO NJSSPST FNQJSJDBM mOEJOHT UIBU FDPOPNJDBMMZ WJBCMF mSNT QSFGFS XPSLPVUT UP $IBQUFS
�� 	$IBUUFSKFF FU BM�
 ����
�

�'SBOLT BOE 5PSPVT 	����
 mOE UIBU CPUI DSFEJUPS SFDPWFSZ SBUFT BOE BCTPMVUF QSJPSJUZ EFWJBUJPOT JO
GBWPVS PG FRVJUZ BSF NVDI IJHIFS JO EJTUSFTTFE FYDIBOHFT PG QVCMJDMZ USBEFE EFCU UIBO JO $IBQUFS ���

�+FOTFO BOE .FDLMJOH 	����
 EJTDVTTFE BEKVEJDBUJPO DPTUT JO CBOLSVQUDZ BT DPOUSJCVUJOH UP EFDMJOJOH
mSN WBMVF�

�&NQJSJDBM FWJEFODF TVHHFTUT MFOEFST DIBSHF IJHIFS JOUFSFTU SBUFT
 SFRVJSF TIPSUFS NBUVSJUJFT BOE EFNBOE
NPSF DPMMBUFSBM XIFO XFBL DSFEJUPS QSPUFDUJPOT BMMPX CPSSPXFST UP FYUSBDU TUFFQ EFWJBUJPOT UP BCTPMVUF
QSJPSJUZ 	2JBO BOE 4USBIBO
 ����
�

�#FCDIVL 	����
 TJNJMBSMZ mOET WJPMBUJPOT UP BCTPMVUF QSJPSJUZ FODPVSBHF JOFċDJFOUMZ SJTLZ JOWFTUNFOU
EFDJTJPOT�

�$IBUUFSKFF FU BM� 	����
 TIPX FNQJSJDBMMZ UIBU $IBQUFS �� JT EPNJOBUFE CZ CBOLSVQU mSNT UIBU TIPVME
CF MJRVJEBUFE�

�



� *OUSPEVDUJPO

*O GBDU�BOE EFTQJUF B QFSGFDUMZ DPNQFUJUJWF DSFEJU NBSLFU�MFOEJOH UP mSNT NPTU
QSPOF UP CBOLSVQUDZ DBO BDUVBMMZ CF QSPmUBCMF� )JHI JOUFSFTU SBUFT FODPVSBHF CBOL�
SVQUDZ
 TVSF
 CVU XIFO UIFZ BSF WFSZ IJHI 	BOE SFPSHBOJTBUJPO WFSZ DPTUMZ
 JU�T OP CFU�
UFS UIBO TIVUUJOH EPXO� FOUSFQSFOFVST BSF JOEJĊFSFOU TP DSFEJUPST MJRVJEBUFyXIJMF
QPDLFUJOH BMM PG UIF mSN�T JOJUJBM FBSOJOHT� *G DSFEJUPST POMZ SFDVQFSBUF UIFJS PSJHJOBM
JOWFTUNFOU XIFO MJRVJEBUJPO JT HVBSBOUFFE
 BO FYPSCJUBOU SBUF BDIJFWFT UIJT BOE NBLFT
UIFN NPOFZ JO UIF QSPDFTT��

ɩFTF DPODMVTJPOT TVHHFTU SBEJDBMMZ BMUFSFE CBOLSVQUDZ QSPDFEVSFT TVDI BT JNNF�
EJBUF BVDUJPOT PS EJTUSJCVUFE PQUJPOT NBZ NJTT UIF QPJOU 	TFF #BJSE
 ����� #FCDIVL

����� #FCDIVL
 ����� "HIJPO FU BM�
 ����
� "MM GPDVT PO SJHJEMZ SFTQFDUJOH EFCU�T TFOJ�
PSJUZ PWFS FRVJUZ WJB B MFHBMMZ TUSVDUVSFE TBMF PS CBSHBJOJOH QSPDFTT� * TIPX
 IPXFWFS

UIBU WJPMBUJPOT UP BCTPMVUF QSJPSJUZ BSF POMZ IBSNGVM PODF FYQFOTJWF SFPSHBOJTBUJPO
GPSDFT EFCU GPSHJWFOFTT CFZPOE UIBU XIJDI DSFEJUPST XPVME PUIFSXJTF TXBMMPX HJWFO
MPX JOJUJBM FBSOJOHT� 4JODF JU JT IBSE UP TFF IPX BVDUJPO� PS PQUJPO�CBTFE SFGPSNT BSF
DIFBQFS UIBO USBEJUJPOBM CBOLSVQUDZ�BOE UIFJS JOnFYJCMF EFTJHO NBZ DPTU NPSF UP
JNQMFNFOU�UIFZ BSF QSPCBCMZ OPU UIF QBOBDFB NBOZ IPQFE UIFN UP CF�

'BS NPSF TVJUBCMF JT UIF SFPSHBOJTBUJPO MBX UIFZ TPVHIU UP SFQMBDF� $IBQUFS ��� *
TIPX UIBU BOZ QBSUJDVMBS CBOLSVQUDZ SFHVMBUJPO UIBU OFJUIFS JNQMJDJUMZ SFEVDFT GVUVSF
FBSOJOHT PS FYQMJDJUMZ QSJPSJUJTFT FRVJUZ PWFS EFCU EPFT OPU DPOTUSJDU MFOEJOH PS EJT�
UPSU JOWFTUNFOU EFDJTJPOT� 8IFO JU IFMQT RVJDLMZ SFTPMWF SFPSHBOJTBUJPO BOE EPFTO�U
EJTFNQPXFS DSFEJUPST
 MFOEJOH JT DIFBQFS BOE NPSF XJEFTQSFBE
 JOWFTUNFOU EFDJTJPOT
NPSF FċDJFOU�

.PTU SVMFT JO $IBQUFS �� NFFU UIFTF DSJUFSJB� BMMPXJOH NBOBHFNFOU UP SFNBJO

FRVJUZ mSTU SJHIU UP B SFTUSVDUVSJOH QMBO
 TVQFS�TFOJPS FNFSHFODZ mOBODJOH BOE 6�4��
TUZMF iDSBNEPXOw�KVEJDJBM JNQPTJUJPO PG B SFPSHBOJTBUJPO QMBO EFTQJUF DSFEJUPS PC�
KFDUJPO� ɩFZ DPTU MJUUMF UP JNQMFNFOU
 EP OPU DBUFHPSJDBMMZ QSJPSJUJTF FRVJUZ PWFS EFCU
BOE UIFJS BCTFODF 	PS UIF BMUFSOBUJWF
 EPFT OPU TUSFOHUIFO DSFEJUPST� CBSHBJOJOH QPTJ�
UJPO� ɩFZ EP SFEVDF UJNF TQFOU JO SFPSHBOJTBUJPO 	&MBZBO BOE .FZFS
 ����

 EJTDPVS�
BHF FYDFTTJWF SJTL�UBLJOH BOE VOEFS�JOWFTUNFOU 	&CFSIBSU BOE 4FOCFU
 ����� (FSUOFS
BOE 4DIBSGTUFJO
 ����
 BOE FODPVSBHF QSPNQU OPUJmDBUJPO PG mOBODJBM EJTUSFTT 	1PWFM

����
���
�"MUIPVHI UIJT QBQFS GPDVTFT PO DPSQPSBUF JOTPMWFODZ
 B TJNJMBS QIFOPNFOPO NBZ IBWF CFFO QBSUJBMMZ
SFTQPOTJCMF GPS FYDFTTJWF IPNF MPBOT NBEF JO UIF 6�4� CFGPSF ����� -FOEFST PĊFSFE NPSUHBHFT BU
FYPSCJUBOU SBUFT UP MPX JODPNF CPSSPXFST UIBU WJSUVBMMZ HVBSBOUFFE EFGBVMU�CVU MJLFMZ OPU CFGPSF UIF
CPSSPXFS NBEF POF PS NPSF JOUFSFTU QBZNFOUT� $VNCFSTPNF QFSTPOBM CBOLSVQUDZ QSPDFEVSFT
 MPX
QSPCBCJMJUZ PG TVDDFTT BOE IJHI MFHBM GFFT JOEVDF JOTPMWFOU CPSSPXFST UP JNNFEJBUFMZ GPSFDMPTF� UIF
MFOEFS SFTFMMT UIF IPNF� 8IFO IPVTJOH QSJDFT BSF SJTJOH 	PS BU MFBTU OPU GBMMJOH

 UIJT MPBO JT FĊFDUJWFMZ
SJTL GSFF CVU HFOFSBUFT B SBUF PG SFUVSO BCPWF UIF SJTL�GSFF JOUFSFTU SBUF�

��0OMZ MFHBM GFFT JODVSSFE JO CBOLSVQUDZ IBWF QSJPSJUZ PWFS EFCU SFQBZNFOU� /P PUIFS $IBQUFS ��
SVMF JNQMJDJUMZ SFEVDFT GVUVSF FBSOJOHT PS FYQMJDJUMZ QSJPSJUJTFT FRVJUZ
 TVHHFTUJOH UIBU UIF TUSVDUVSF
PG $IBQUFS �� QSPCBCMZ JTO�U UIF NBJO DBVTF PG BCTPMVUF QSJPSJUZ EFWJBUJPOT BOE DSFEJU�SBUJPOJOH 	#F�
CDIVL
 ����
� UIF NBTTJWF GFFT JOIFSFOU JO UIF 6�4� MFHBM TZTUFN BSF� "MUIPVHI XBHFT IBWF TJNJMBS
QSJPSJUZ
 UIFJS FYJTUFODF EPFT OPU EFQFOE PO CBOLSVQUDZ� 8PSLFST NVTU CF QBJE SFHBSEMFTT PG TPMWFODZ

TP FYQFDUFE mSN WBMVF JT VOBĊFDUFE CZ B SFRVJSFNFOU UP QBZ UIFN mSTU� "QQFOEJY #�� TIPXT UIBU JO�
DVSSJOH MPTTFT 	F�H�
 QBZJOH XBHFT JO FYDFTT PG BWBJMBCMF DBTI nPX
 CFGPSF SFQBZJOH EFCU EPFT OPU BĊFDU
MFOEJOH BOE JOWFTUNFOU EFDJTJPOT�

�
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/PUPSJPVTMZ BCTFOU GSPN $IBQUFS �� BSF TFWFSBM VOBNCJHVPVTMZ IBSNGVM SFHV�
MBUJPOT UIBU JNQMJDJUMZ DPTU NPOFZ� 3FQMBDJOH NBOBHFNFOU XJUI DPVSU�BQQPJOUFE
BENJOJTUSBUPST�BT JT EPOF JO 'SBODF�FYQFMT TQFDJBMJTFE TLJMMT BENJOJTUSBUPST QSPC�
BCMZ MBDL� 6�,� BOE(FSNBO SFHVMBUJPOT UIBU JOTJTU PO BENJOJTUSBUJWF PWFSTJHIU CVSEFO
mSNT XJUI BEEJUJPOBM TBMBSJFT UIBU IBWF QSJPSJUZ PWFS EFCU� #SJUJTI BEWFSUJTJOH SFRVJSF�
NFOUT QVCMJDJTF mOBODJBM EJTUSFTT
 DBVTJOH DPOTVNFST DPODFSOFE BCPVU XBSSBOUZ WBMJE�
JUZ UP TIPQ FMTFXIFSF 	5JUNBO
 ����
 BOE FNQMPZFFT XPSSJFE BCPVU UIFJS KPCT UP mOE
OFX POFT 	#FSL FU BM�
 ����
�

$IBQUFS �� NBZ CF UIF CFTU SFPSHBOJTBUJPO MBX
 CVU JUT XJEFS CBOLSVQUDZ TZTUFN JT
BMXBZT JOGFSJPS UP POF XJUIPVU BO BVUPNBUJD TUBZ��� "VUPNBUJD TUBZT BSF OPU POMZ SF�
EVOEBOU
 CVU XFBLFO DSFEJUPST� CBSHBJOJOH QPTJUJPO� *OTPMWFOU CPSSPXFST UIBU TIPVME
DPOUJOVF PĊFS SFBTPOBCMF XPSLPVU QSPQPTBMT VOMFTT DSFEJUPST BSF MJLFMZ UIF SFTJEVBM
DMBJNBOUT JO SFPSHBOJTBUJPO� *O UIF MBUUFS DBTF
 IPXFWFS
 MFOEFST� EFTJSF UP NBYJN�
JTF UIFJS PXO SFDPWFSZ JNQFMT BDUJPO UIBU BMTP NBYJNJTFT UIF JOTPMWFOU mSN�T WBMVF�
"VUPNBUJD TUBZT UIFSFGPSF BOUJDJQBUF NPUJWFT UIBU DSFEJUPST EP OPU IBWF� &MJNJOBU�
JOH UIFN NBLFT MFOEFST� SFUVSOT JO CBOLSVQUDZ MFTT SJTLZ� JOTPMWFOU CPSSPXFST JNQPTF
GFXFS XSJUF�EPXOT EVSJOH XPSLPVUT�

*G UIF NBSLFU GPS FRVJUZ mOBODF XFSF BT DPNQFUJUJWF BT USBEJUJPOBM MFOEJOH JT UIFPS�
JTFE UP CF
 DSFEJU�DPOTUSBJOFE CPSSPXFST DPVME UVSO UP GBNJMZ BOE GSJFOET
 JOJUJBM QVCMJD
PĊFSJOHT PS BOHFM JOWFTUPST� #VU OPU FWFSZPOF JT CMFTTFE XJUI XFBMUIZ LJO
 JTTVJOH QVC�
MJD TUPDL JT KVTU OPU EPOF CZ UJOZ FOUFSQSJTFT BOE JMMJRVJE WFOUVSF DBQJUBM NBSLFUT GBWPVS
FOUSFQSFOFVST XJUI XIPN JOWFTUPST TIBSF TPDJBM OFUXPSLT BOE PUIFS TVQFSmDJBM TJN�
JMBSJUJFT 	)PDICFSH FU BM�
 ����� #PUUB[[J FU BM�
 ����� 7FSIFVM BOE ɩVSJL
 ����
���
ɩVT
 FMJNJOBUJOH BVUPNBUJD TUBZT�CZ QFSNJUUJOH nPBUJOH DIBSHF MJFOT�JT UIF NPTU
TUSBJHIUGPSXBSE BOUJEPUF UP CBOLSVQUDZ�T VOQMFBTBOU TJEF FĊFDUT��� %FTQJUF DMBJNT CZ
UIF $PSL 3FQPSU 	����

 MFOEFST BSF OPU QSPOF UP BTTFU HSBCCJOH BOE mSNT BSF OPU MFGU
UP GBJM 	'SBOLT BOE 4VTTNBO
 ����
� %JTUSFTTFE #SJUJTI DPNQBOJFT TFDVSFE CZ nPBUJOH
DIBSHFT XFSF MFTT MJLFMZ MJRVJEBUFE UIBO UIFJS DPVOUFSQBSUT JO DPVOUSJFT NPSF DPNNJU�
UFE UP UIFJS TVSWJWBM 	%BWZEFOLP BOE 'SBOLT
 ����
� #BOLSVQUDJFT JOWPMWJOH nPBUJOH
DIBSHFT LFFQ mSNT BT HPJOH DPODFSOT GBS NPSF GSFRVFOUMZ UIBO SFPSHBOJTBUJPO�BOE
DPTU TJHOJmDBOUMZ MFTT UP JNQMFNFOU 	%KBOLPW FU BM�
 ����
�

:FU nPBUJOH DIBSHFT BSF OP MPOHFS QBSU PG #SJUJTI CBOLSVQUDZ MBX� ɩF *OTPMWFODZ
"DU ���� XFBLFOFE UIFN� UIF &OUFSQSJTF "DU ���� SFNPWFE UIFN� 3FTDVF DVMUVSF
XPO� 1BSBEPYJDBMMZ BU UIF FYQFOTF PG JUT QVSQPSUFE BJN� iUP SFDPHOJTF UIBU UIF FĊFDUT PG
JOTPMWFODZ BSF OPU MJNJUFE UP UIF QSJWBUF JOUFSFTUT PG UIF JOTPMWFOU
 IJT GBNJMZ
 DSFEJUPST
��"O BVUPNBUJD TUBZ JT B DPVSU PSEFS UIBU QSFWFOUT DPOmTDBUJOH DPMMBUFSBM PS DPMMFDUJOH EFCU QBZNFOUT� *U
JT UIF EFmOJOH DIBSBDUFSJTUJD PG SFPSHBOJTBUJPO
 TJODF XJUIPVU JU OPUIJOH MFHBMMZ QSFWFOUT DSFEJUPST GSPN
EF GBDUP MJRVJEBUJOH BO JOTPMWFOU mSN CZ TFJ[JOH UIF BTTFUT JU OFFET UP PQFSBUF�

��*U�T OPU IBSE UP HVFTT XIP IBT UIF UPVHIFTU UJNF HFUUJOH DBTI�PG #VTJOFTT *OTJEFS�T i�� &BSMZ 4UBHF
*OWFTUPST JO 4JMJDPO 7BMMFZ :PV /FFE UP ,OPXw
 POMZ UXP BSF GFNBMF BOE POMZ POF CMBDL�

��'MPBUJOH DIBSHFT BSF EFCU TFDVSFE CZ BO FOUJSF CVTJOFTT� *O UIF FWFOU PG EFGBVMU
 UIF DSFEJUPS XJUI B
nPBUJOH�DIBSHF MJFO JT HSBOUFE DPOUSPM SJHIUT PG UIF mSN XJUI MJUUMF KVEJDJBM JOUFSGFSFODF� "O BMUFSOBUJWF
TJNQMZ SFNPWFT UIF TQFDJmD SFHVMBUJPO SFGFSSJOH UP BVUPNBUJD TUBZT� ɩJT NBZ
 IPXFWFS
 FOBCMF CPSSPX�
FST UP TFDVSF NVMUJQMF MPBOT XJUI B TJOHMF BTTFU BOE FYBDFSCBUF MFOEFS DP�PSEJOBUJPO QSPCMFNT 	+BDLTPO

����� #BJSE
 ����
�

�

http://www.businessinsider.com/sv-angel-50-2012-7?op=1&IR=T&IR=T
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� .PEFM

PS EJSFDUPST
 TIBSFIPMEFST BOE FNQMPZFFT
 CVU UIBU PUIFS JOUFSFTUT PG TPDJFUZ PS PUIFS
HSPVQT JO TPDJFUZ BSF WJUBMMZ BĊFDUFEyBOE UP FOTVSF UIBU UIFTF QVCMJD JOUFSFTUT BSF
SFDPHOJTFE BOE TFDVSFEw 	$PSL 3FQPSU ����
 f���	J

�

� .PEFM
"O FOUSFQSFOFVS IBT BO JEFB GPS B CVTJOFTT QSPKFDU� ɩF QSPKFDU MBTUT UXP QFSJPET BOE
SFRVJSFT B NBDIJOF��� 0QFSBUJOH QSPmUT FBDI QFSJPE BSF X1 BOE X2
 XIFSF X1 BOE
X2 BSF OPO�OFHBUJWF BOE JOEFQFOEFOUMZ EJTUSJCVUFE BDDPSEJOH UP UIF KPJOU DVNVMBUJWF
EJTUSJCVUJPO GVODUJPO Π���

ɩF NBDIJOF DPTUT K0� 6Q UP UJNF �
 JU NBZ CF SFTPME GPS JUT JOJUJBM WBMVF� "GUFS
UJNF �
 JU EFQSFDJBUFT� JUT WBMVF BU UJNF � JT K2
 XIFSF 0 < K2 < K0� K0 BOE K2 BSF
OPO�SBOEPN BOE LOPXO BU UJNF ��

ɩF FOUSFQSFOFVS IBT OP NPOFZ UP CVZ UIF NBDIJOF� )F QJUDIFT B DSFEJUPS UIF
UBLF�JU�PS�MFBWF�JU PĊFS UP CPSSPX K0 BU UJNF � BOE PXF D BU UJNF ���� ɩF FOUSF�
QSFOFVS BOE DSFEJUPS BSF SJTL OFVUSBM
 IBWF TZNNFUSJD JOGPSNBUJPO BOE UIF SJTL�GSFF
JOUFSFTU SBUF JT [FSP� DSFEJU NBSLFUT BSF QFSGFDUMZ DPNQFUJUJWF�

*G UIF MFOEFS BDDFQUT IJT PĊFS
 UIF FOUSFQSFOFVS CVZT UIF NBDIJOF� ɩF QSPKFDU
CFHJOT BOE X1 JT SFBMJTFE�

��� 4PMWFODZ
1SFTVNF mSTU D ≤ X1� UIF QSPKFDU JT TPMWFOU� ɩF FOUSFQSFOFVS EFDJEFT XIFUIFS
UP PQFSBUF BOPUIFS QFSJPE PS MJRVJEBUF� 4IPVME IF DPOUJOVF
 UIF QSPKFDU HFOFSBUFT B
TFDPOE QFSJPE�T DBTI nPX
 X2
 BGUFS XIJDI JU DPNFT UP UIF OBUVSBM FOE PG JUT MJGF� *U JT
TIVU EPXO BOE UIF NBDIJOF TPME GPS K2� (SPTT QSPKFDU WBMVF JT

V C
2 = X1 +X2 +K2.

4IPVME IF MJRVJEBUF
 BMM TFSWJDF BOE FNQMPZNFOU DPOUSBDUT BSF WPJEFE
 CVTJOFTT
PQFSBUJPOT DFBTF BOE UIF NBDIJOF JT TPME GPS JUT GVMM NBSLFU WBMVF� (SPTT QSPKFDU WBMVF
JT JOTUFBE

V L
1 = X1 +K0.

*O CPUI TDFOBSJPT
 UIF DSFEJUPS JT SFQBJE JO GVMM� IJT SFUVSOT BSFD� ɩF FOUSFQSFOFVS
LFFQT XIBU�T MFGU� EC

2 = V C
2 − D JG UIF QSPKFDU JT DPOUJOVFE BOE EL

1 = V L
1 − D JG

JU�T MJRVJEBUFE�
��ɩF BOBMZTJT JT BQQMJDBCMF UP BOZ UBOHJCMF PS JOUBOHJCMF EFQSFDJBCMF QSPEVDUJWF BTTFU�
��'PS BO FYUFOTJWF GPSN SFQSFTFOUBUJPO PG UIF CBOLSVQUDZ HBNF
 TFF "QQFOEJY $�
��#PSSPXJOH NPSF UIBOK0 JT B SJTL�GSFF USBOTGFS PG XFBMUI GSPN UJNF � UP UJNF �� 4JODF UIF FOUSFQSFOFVS
JT SJTL�OFVUSBM BOE UIF SJTL�GSFF JOUFSFTU SBUF JT [FSP
 UIF USBOTGFS JUTFMG DPOGFST OP CFOFmU� ɩF GBDU UIBU
MPBOT NBUVSF BGUFS POF QFSJPE XIJMF QSPKFDU SFUVSOT MBTU GPS UXP JT GVOEBNFOUBM UP UIF NPEFM� *G MPBOT
DPVME MBTU UIF FOUJSF EVSBUJPO PG UIF QSPKFDU
 CBOLSVQUDZ JT JSSFMFWBOU�

�
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��� *OTPMWFODZ
4VQQPTF OPX X1 < D� UIF QSPKFDU JT JOTPMWFOU� iVOBCMF UP QBZ JUT EFCUT BT UIFZ GBMM
EVFw 	6�,� *OTPMWFODZ "DU ����
 f���	�

��� /P MFHBM SFTUSJDUJPOT QSFWFOU UIF FOUSF�
QSFOFVS BOE DSFEJUPS GSPN TFUUMJOH NBUUFST PO UIFJS PXO� SFOFHPUJBUJOH UIF UFSNT PG
UIFJS MPBO DPOUSBDU PS KPJOUMZ BHSFFJOH UP MJRVJEBUF� 'PSNBM CBOLSVQUDZ JT UIFJS GBMMCBDL
XIFO UIFZ GBJM UP EP TP�

����� #BOLSVQUDZ� *G UIF FOUSFQSFOFVS BOE MFOEFS DBOOPU TFF FZF�UP�FZF POXIFUIFS
UP SFTUSVDUVSF UIFJS EFCU PS MJRVJEBUF UIF QSPKFDU
 FBDI QFUJUJPOT UIF DPVSU UP GPSDF UIF
PUIFS UP BDDFQU IJT EFTJSFE SFTVMU�SFPSHBOJTBUJPO PS DPNQVMTPSZ MJRVJEBUJPO� " KVEHF
BEKVEJDBUFT�

3FPSHBOJTBUJPO�BENJOJTUSBUJPO JO UIF 6�,��JT B TVQFSWJTFE WFSTJPO PG DPOUJOV�
BUJPO��� ɩF FOUSFQSFOFVS GPSNVMBUFT B SFTUSVDUVSJOH QMBO� B DPVSU�BQQPJOUFE BENJO�
JTUSBUPS BQQSPWFT BOE PWFSTFFT JUT JNQMFNFOUBUJPO�

"T EJTDVTTFE JO UIF JOUSPEVDUJPO
 SFPSHBOJTBUJPO JT FYQFOTJWF� -FHBM BOE BDDPVOU�
JOH GFFT
 MPTU DVTUPNFST
 TVQQMJFST BOE FNQMPZFFT
 BEEFE CVSFBVDSBDZ BOE FWFO UIFGU
GSPN GSBVEVMFOU BENJOJTUSBUPST BEE VQ� ɩF VQTIPU JT EFMBZFE QSPEVDUJPO
 BTTFU EF�
QSFDJBUJPO BOE MPXFS QSPmUT� Y ∈ (0, 1) DBQUVSFT UIJT� *U NFBTVSFT UIF GSBDUJPO PG
QSPKFDU WBMVF SFPSHBOJTBUJPO XBTUFT� 8IBU�T MFGU JT POMZ

V R
2 = X1 + (1− Y ) (X2 +K2) .

$PNQVMTPSZ MJRVJEBUJPO JT UIF TFDPOE PQUJPO� *O UIFPSZ
 DPNQVMTPSZ MJRVJEBUJPO
JT NPSF USBOTQBSFOU
 TUSBJHIUGPSXBSE BOE GBTUFS UIBO SFPSHBOJTBUJPO� 4FSWJDF BOE FN�
QMPZNFOU DPOUSBDUT BSF JNNFEJBUFMZ WPJEFE BOE CVTJOFTT PQFSBUJPOT DFBTF� 4FDVSFE
DSFEJUPST SFQPTTFTT UIFJS MJFOT� B DPVSU�BQQPJOUFE BENJOJTUSBUPS BVDUJPOT PĊ SFNBJOJOH
BTTFUT BOE EJTUSJCVUFT UIF QSPDFFET UP VOTFDVSFE DSFEJUPST��� "OZ FYDFTT JT TFUUMFE PO
��5FDIOJDBMMZ JU JT iDBTI nPX JOTPMWFOUw� "OPUIFS UFTU JT iCBMBODF TIFFU JOTPMWFODZw XIFSFCZ UIF mSN�T
MJBCJMJUJFT FYDFFE JUT BTTFUT� 6TVBMMZ
 CBMBODF TIFFU JOTPMWFOU mSNT BSF BMTP DBTI nPX JOTPMWFOU� SBSFMZ

IPXFWFS
 B mSN JT DVSSFOUMZ BCMF UP QBZ JUT EFCUT CVU DMFBSMZ XPO�U CF BCMF UP JO UIF GVUVSF� *O UIJT
TDFOBSJP
 DSFEJUPST 	PS TIBSFIPMEFST
 DBO QFUJUJPO UIF DPVSU UP EFDMBSF UIF DPNQBOZ JOTPMWFOU� 4JODF
FWFSZ CBMBODF TIFFU JOTPMWFOU mSN NVTU FWFOUVBMMZ CF DBTI nPX JOTPMWFOU
 UIF FOUSFQSFOFVS IBT OP
PQQPSUVOJUZ UP NJTVTF DPNQBOZ GVOET BOE UIF UJNF WBMVF PG NPOFZ JT [FSP
 * EJTSFHBSE CBMBODF TIFFU
JOTPMWFOU mSNT 	XJUIPVU MPTT PG HFOFSBMJUZ
�

��*O (FSNBOZ BOE 'SBODF
 DPOUSPM DFEFT UP B DPVSU�BQQPJOUFE BENJOJTUSBUPS� JO UIF 6�4�
 JU SFNBJOT XJUI
FYJTUJOH NBOBHFST� *O NPTU DPVOUSJFT QBZNFOUT DFBTF PO PVUTUBOEJOH MPBOT BOE BO BVUPNBUJD TUBZ�
MBTUJOH BOZXIFSF GSPN UISFFNPOUIT JO (FSNBOZ UP PWFS B ZFBS JO 'SBODF�JT BQQMJFE UP TFDVSFE DMBJNT�
ɩF mSN DBO VTVBMMZ PCUBJO OFX mOBODJOH
 PGUFO BU UFSNT NPSF GBWPVSBCMF UIBO FYJTUJOH EFCU� "GUFS B
DFSUBJO QFSJPE�BU MFBTU GPVS NPOUIT JO UIF 6�4� BOE NPSF UIBO �� JO 'SBODF�B QMBO JT QSPQPTFE UP
SFTUSVDUVSF EFCU BOE SFPSHBOJTF UIF mSN� *O UIF 6�4�
 UIJT QFSJPE DBO CF FYUFOEFE JOEFmOJUFMZ CZ UIF
CBOLSVQUDZ DPVSU� $SFEJUPST WPUF PO JU BOE UIF DPVSU BQQSPWFT JU� JO TPNF KVSJTEJDUJPOT FRVJUZ IPMEFST
BMTP IBWF B TBZ� *O UIF 6�4� B KVEHF DBO JNQPTF B QMBO BMSFBEZ SFKFDUFE CZ DSFEJUPST� *O 'SBODF
 DSFEJUPST
IBWF OP WPUF� POMZ UIF DPVSU EFDJEFT XIFUIFS UIF QMBO JT JNQMFNFOUFE�

��(FOFSBMMZ
 UIFTF QSPDFFET BSF EJTUSJCVUFE BDDPSEJOH UP MFHBMMZ EFmOFE BCTPMVUF QSJPSJUZ SVMFT� 'PS FY�
BNQMF
 JO UIF 6�4�
 BENJOJTUSBUJWF BOE MFHBM GFFT JODVSSFE EVSJOH QSPDFFEJOHT BSF QBJE mSTU� OFYU
 TUBU�
VUPSZ DMBJNT
 JODMVEJOH VOQBJE UBYFT BOE XBHFT� mOBMMZ
 VOTFDVSFE EFCU� &WJEFODF GSPN UIF 6�4�
TVHHFTUT UIJT PSEFSJOH JT WFSZ SBSFMZ WJPMBUFE XIFO mSNT BSF MJRVJEBUFE JO $IBQUFS � 	#SJT FU BM�
 ����
�

�



��� *OTPMWFODZ

FRVJUZ�
8JOEJOH VQ B CVTJOFTT JT MFTT BNCJHVPVT UIBO SFTDVJOH JU�HJWJOH DPSSVQUJPO
 CVS�

FBVDSBDZ BOE MFHBM GFFT MFTT TDPQF UP FBU BXBZ B mSN�T FWFOUVBM MJRVJEBUJPO WBMVF� "OE
TJODF UIBU WBMVF JT JOEFQFOEFOU PG VOSFBMJTFE GVUVSF FBSOJOHT
 CBOLSVQUDZ�T JNQBDU PO
CVTJOFTT SFQVUBUJPO JT FTQFDJBMMZ JSSFMFWBOU� $PNQVMTPSZ MJRVJEBUJPO
 UIFSFGPSF
 QSPC�
BCMZ XBTUFT B TNBMMFS GSBDUJPO PG B mSN�T UJNF � MJRVJEBUJPO WBMVF UIBO SFPSHBOJTBUJPO
XBTUFT PG JUT UJNF � DPOUJOVBUJPO WBMVF���

5P JODPSQPSBUF UIJT JEFB XJUIPVU BEEJOH VOOFDFTTBSZ DPNQMFYJUZ
 * BTTVNF DPN�
QVMTPSZ MJRVJEBUJPO JODVST OP BEEFE DPTU BOE JT JOTUBOUBOFPVT��� (SPTT SFUVSOT BSF
UIFSFGPSF JEFOUJDBM UP UIPTF JO WPMVOUBSZ MJRVJEBUJPO�

8IFUIFS SFPSHBOJTFE PS MJRVJEBUFE
 UIF DSFEJUPS JT OP MPOHFS HVBSBOUFFE UIF GVMM
GBDF WBMVF PG IJT MPBO� (JWFOX1 < D
 OFJUIFS V L

1 OPS V R
2 JT OFDFTTBSJMZ MBSHF FOPVHI

UP DPWFS D� 8IFO JU JTO�U
 UIF DSFEJUPS UBLFT IPNF UIF FOUJSFUZ PG UIF QSPKFDU�T HSPTT
WBMVF� PUIFSXJTF
 IF FBSOT D� )JT HSPTT SFUVSOT JO MJRVJEBUJPO BOE SFPSHBOJTBUJPO BSF

SFTQFDUJWFMZ

CL
1 = NJO{D,V L

1 } PS CR
2 = NJO{D,V R

2 }.

"T CFGPSF
 UIF FOUSFQSFOFVS LFFQT XIBUFWFS SFNBJOT� EL
1 = V L

1 − CL
1 JG UIF

QSPKFDU JT MJRVJEBUFE BOE ER
2 = V R

2 − CR
2 JG JU�T SFPSHBOJTFE�

"EKVEJDBUJPO� #BOLSVQUDZ PDDVST POMZ JG UIF FOUSFQSFOFVS BOE IJT DSFEJUPS DBOOPU
BHSFF XIFUIFS UP DPOUJOVF PQFSBUJOH PS MJRVJEBUF UIF mSN� #PUI QBSUJFT FYQFDU TUSJDUMZ
IJHIFS SFUVSOT VOEFS TFQBSBUF PVUDPNFT� "T JMMVTUSBUFE JO -FNNB � BOE JUT QSPPG
	"QQFOEJY "

 UIF DPODBWJUZ PG DSFEJUPS SFUVSOT BOE DPOWFYJUZ PG FOUSFQSFOFVST� CJOE
UIF MBUUFS UP SFPSHBOJTBUJPO
 UIF GPSNFS UP MJRVJEBUJPO�
-FNNB �� *O CBOLSVQUDZ
 UIF FOUSFQSFOFVS QSFGFST UP SFPSHBOJTF UIF QSPKFDU� UIF DSFEJUPS UP
MJRVJEBUF JU�

(VJEFE CZ MFHJTMBUJPO
 B KVEHF TFUUMFT UIF DPOnJDU� *OTPMWFODZ MBX DBMMT GPS SF�
PSHBOJTBUJPO XIFO JU JT iSFBTPOBCMZ MJLFMZw 	)BSSJT 4JNNPOT ����
 UP NBJOUBJO iUIF
��*U JT FNQJSJDBMMZ EJċDVMU UP EJTFOUBOHMF UIF DPTU PG SFPSHBOJTBUJPO GSPN UIF DPTU PG MJRVJEBUJPO� &WJE�
FODF GSPN UIF 6�4� TVHHFTUT UIBU MFHBM BOE BDDPVOUJOH GFFT BSF SPVHIMZ FRJWBMFOU 	'FSSJT BOE -BXMFTT

����� 'FSSJT BOE -BXMFTT
 ����

 CVU SFDPWFSZ SBUFT JO $IBQUFS � BSF MPXFS UIBO UIPTF JO $IBQUFS
�� 	8FJTT
 ����� #SJT FU BM�
 ����
� 	#FDBVTF UIFTF TUVEJFT DBOOPU DPNQBSF $IBQUFS � BOE $IBQUFS ��
SFDPWFSZ SBUFT GPS UIF TBNF mSN
 IPXFWFS
 UIF EBUB BSF OPU FTQFDJBMMZ JOGPSNBUJWF PO UIF BDUVBM DPTU PG
FBDI SFHJNF� "EEJUJPOBMMZ
 SFDPWFSZ SBUFT JO $IBQUFS � QBSUJBMMZ JODPSQPSBUF MPTTFT JODVSSFE JO $IBQUFS
�� HJWFO NPTU mSNT UIBU BSF FWFOUVBMMZ MJRVJEBUFE QSFWJPVTMZ BUUFNQUFE B SFPSHBOJTBUJPO�
 *O DPOUSBTU

FNQJSJDBM XPSL DPOEVDUFE JO *UBMZ BOE UIF 6�4� BGUFS FBDI DPVOUSZ JOUSPEVDFE PS TJHOJmDBOUMZ FYQBO�
EFE SFPSHBOJTBUJPO QSPDFEVSFT TVHHFTU DSFEJUPST BOUJDJQBUF MPXFS SFUVSOT XIFO SFPSHBOJTBUJPO JT NPSF
MJLFMZ 	3PEBOP FU BM�
 ����� 4DPUU BOE 4NJUI
 ����
� *OEFFE
 FNFSHJOH NBSLFUT XJUI XFBL JOTUJUVUJPOT
BOE TFWFSF SFTUSJDUJPOT PO SFPSHBOJTBUJPO BQQFBS GBS NPSF DBQBCMF PG SFDPWFSJOH DSFEJUPST� DMBJNT UIBO
UIFJS QFFST XJUI NPSF HFOFSPVT QSPDFEVSFT 	%KBOLPW FU BM�
 ����
�

��*O HFOFSBM
 IPXFWFS
 B OPNJOBM DPVSU GFF NBZ CF EVF�b��� JO UIF 6�,��BOE CPUI TJEFT VOEPVCUFEMZ
JODVS MFHBM BOE BENJOJTUSBUJWF GFFT UIFZ PUIFSXJTF XPVMEO�U CF TVCKFDU UP JG UIF MJRVJEBUJPO XFSF WPM�
VOUBSZ� 'PS FYBNQMF
 JO UIF 6�,�
 UIF QBSUZ QFUJUJPOJOH UIF DPVSU GPS DPNQVMTPSZ MJRVJEBUJPO NVTU
BEWFSUJTF JO UIF QSFTT B OVNCFS PG EBZT CFGPSF UIF QSPDFTT UBLFT QMBDF�

�
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TVSWJWBM PG UIF DPNQBOZ
 BOE UIF XIPMF PS BOZ QBSU PG JUT VOEFSUBLJOH
 BT B HPJOH DPO�
DFSOw 	6�,� *OTPMWFODZ "DU ����
 f�	�
	B

� 4QFDJmDBMMZ
 WJBCMF QSPKFDUT�QSPKFDUT XJUI
DPOUJOVBUJPO WBMVF HSFBUFS UIBO UIFJS BTTFUT� QJFDFNFBM SFTBMF WBMVF���BSF SFPSHBOJTFE

J�F�


V L
1 < V

C
1 , 	���


XIFSF V C
1 JT UIF UJNF � FYQFDUFE WBMVF PG V C

2 � 8IFO UIF SFWFSTF JT USVF
 UIF QSPKFDU JT
OPO�WJBCMF� VOMJLFMZ UP TVSWJWF BT B HPJOH DPODFSO XJUIPVU iVOOFDFTTBSJMZ IBSN<JOH>
DSFEJUPST BT B XIPMFw 	)BSSJT 4JNNPOT ����
� /PO�WJBCMF QSPKFDUT BSF MJRVJEBUFE BU
UJNF ��

ɩF KVEHF EPFT OPU LOPX XIFUIFS B QSPKFDU CFGPSF IFS JT WJBCMF� "MUIPVHI UIF
DSFEJUPS BOE FOUSFQSFOFVS EP
 QFS -FNNB � UIF MBUUFS IBT BO JODFOUJWF UP QSFTFOU
FWJEFODF UIBU UIF QSPKFDU TIPVME CF SFPSHBOJTFE XIJMF UIF GPSNFS XJMM BSHVF KVTU BT
GPSDFGVMMZ GPS MJRVJEBUJPO� ɩF KVEHF
 NFBOXIJMF
 HBUIFST QVCMJDMZ BWBJMBCMF NBUFSJBM
PO UIF QSPKFDU�T BTTFUT BOE FBSOJOHT BOE JOEFQFOEFOU NBSLFU SFTFBSDI PO TJNJMBS QSP�
KFDUT JO UIF TBNF JOEVTUSZ� "MM UPHFUIFS
 UIJT JOGPSNBUJPO DPMPVST IFS PQJOJPO PG UIF
mSNT� USVF WBMVF BOE GPSNT UIF CBTJT PG IFS SVMJOH� ɩBU SVMJOH JT DPSSFDU XJUI QSPCBC�
JMJUZ p
 XIFSF p ∈ (1/2, 1) EFQFOET PO UIF RVBMJUZ BOE WFSBDJUZ PG UIF EPDVNFOUBUJPO
QSPWJEFE CZ UIF FOUSFQSFOFVS BOE DSFEJUPS BT XFMM BT UIF JOUFMMJHFODF UIF KVEHF HBUIFST
IFSTFMG��� $SFEJUPST� FYQFDUFE SFUVSOT KVTU CFGPSF IFS PċDJBM SVMJOH BSF

C
B
1 = q C

R
1 + (1− q)CL

1 ,

XIFSF q = p JG UIF QSPKFDU JT B WJBCMF POF
 1−p JG JU JTO�U BOEC
R
1 JT UIF UJNF � FYQFDUFE

WBMVF PG CR
2 �

&WFO XJUI QFSGFDU JOGPSNBUJPO UIF KVEHF�T EFDJTJPO JT CJBTFE JO GBWPVS PG SFPSHBO�
JTBUJPO� V C

1 ESJWFT IFS SVMJOH 	&RVBUJPO 	���


 CVU UIF UJNF � FYQFDUFE WBMVF PG V R
2 


V
R
1 
 SFBMMZ EFUFSNJOFT XIFUIFS B CBOLSVQU QSPKFDU JT WJBCMF PS OPU� 0OMZ XIFO V

R
1

FYDFFET V L
1 EPFT UIF QSPKFDU�T USVF WBMVF�JODMVEJOH SFPSHBOJTBUJPO DPTUT�TVSQBTT UIF

QSJODJQBM BNPVOU PG UIF MPBO� 4JODF V R
1 < V

C
1 
 UPP GFX CBOLSVQU mSNT BSF MJRVJEBUFE

BOE UPP NBOZ BSF SFPSHBOJTFE���
��#SJUJTI BENJOJTUSBUJPO PSEFST BSF HSBOUFE PO FWFO XFBLFS UFSNT� ɩF DPVSU NVTU POMZ CF TBUJTmFE UIBU
UIF QSPKFDU IBT B iSFBM QSPTQFDU PG w PS iHPPE
 BSHVBCMF DBTF GPSw QSPmUBCJMJUZ�J�F�
 MFTT UIBO UIF CBMBODF
PG QSPCBCJMJUJFT 	)BSSJT 4JNNPOT ����
�

��p JT BO JOWFSTF GVODUJPO PG UIF WBSJBODF PG JOGPSNBUJPO BWBJMBCMF PO UIF EJTUSJCVUJPO PG UJNF � FBSOJOHT�
8IFO mOBODJBM SFDPSET QSPWJEFE CZ UIF mSN BSF BDDVSBUF�F�H�
 CFDBVTF EJTDMPTVSF MBXT BSF TUSPOH�
BOE TJHOJmDBOU PVUTJEF JOGPSNBUJPO FYJTUT PO TJNJMBS mSNT�F�H�
 CFDBVTF UIF mOBODJBM BOBMZTJT TFDUPS
JT XFMM EFWFMPQFE�UIF WBSJBODF PG JOGPSNBUJPO JT MPX� p JT DMPTF UP �� 8IFO UIF PQQPTJUF JT USVF
 UIF
WBSJBODF PG JOGPSNBUJPO JT IJHI� UIF KVEHF�T EFDJTJPO JT SBOEPN 	p = 1/2
�

��ɩFPSFUJDBMMZ
 UIF KVEHF DPVME CBTF IFS EFDJTJPO FJUIFS XIPMMZ PS QBSUJBMMZ PO &RVBUJPO 	���
� )PX�
FWFS
 JOTPMWFODZ MBXT SBSFMZ 	PS POMZ WBHVFMZ
 SFGFSFODF TVDI DPTUT
 HJWJOH KVEHFT MJUUMF TDPQF PS FWFO
EFTJSF UP BEKVTU UIFJS SVMJOHT 	F�H�
 KVEHFT NBZ QSFGFS UP SVMF JO MJOF XJUI MFHBM QSFDFEFOU UP QSFWFOU
CFJOH PWFSUVSOFE PO BQQFBM� TFF (FOOBJPMJ BOE 4IMFJGFS
 ����
� "EEJUJPOBMMZ
 HJWFO SFPSHBOJTBUJPO�T
DPTUT BSF EJċDVMU UP RVBOUJGZ BOE UFOE UP PDDVS MPOH BGUFS B KVEHF IBT SVMFE JO B QBSUJDVMBS DBTF
 TIF

�
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����� 4FUUMFNFOU� #BOLSVQUDZ JTO�U UIF POMZ PQUJPO� $SFEJUPST BOE FOUSFQSFOFVST
DBO BMXBZT EFBM XJUI JOTPMWFODZ PO UIFJS PXO� 0OF TDFOBSJP JOWPMWFT BNVUVBM EFDJTJPO
UP XJOE�VQ CVTJOFTT PQFSBUJPOT� *O BOPUIFS
 CPUI QBSUJFT BHSFF UP B XPSLPVU�

.POFUBSZ PS JO�LJOE USBOTGFST CFUXFFO CPSSPXFS BOE MFOEFS BSF DPNNPO DPN�
QPOFOUT PG XPSLPVU BHSFFNFOUT� JO MJRVJEBUJPO
 IPXFWFS
 UIFZ BSF VTVBMMZ GPSCJEEFO�
1BZJOH B EJSFDUPS UP WPMVOUBSJMZ XJOE VQ IJT JOTPMWFOU mSN RVBMJmFT BT B iQSFGFSFODF
QBZNFOUw�J�F�
 B QBZNFOU UIBU iIBT UIF FĊFDU PG QVUUJOH <JUT SFDJQJFOU> JOUP B QP�
TJUJPO XIJDI
 JO UIF FWFOU PG UIF DPNQBOZ HPJOH JOUP JOTPMWFOU MJRVJEBUJPO
 XJMM CF
CFUUFS UIBO UIF QPTJUJPO IF XPVME IBWF CFFO JO JG UIBU UIJOH IBE OPU CFFO EPOFw 	6�,�
*OTPMWFODZ "DU ����
 f��� 	�
	C

��� 1SFGFSFODF QBZNFOUT BSF OPU BMMPXFE JO FJUIFS
UIF 6�4� PS UIF 6�,���

7PMVOUBSJMZ MJRVJEBUJOH BO JOTPMWFOU mSN EJĊFST WFSZ MJUUMF GSPN DPNQVMTPSZ MJ�
RVJEBUJPO� ɩF QSPDFTT JT PWFSTFFO CZ B UIJSE�QBSUZ XIP BDUT JO UIF DSFEJUPST� JO�
UFSFTUT� 0OF PG IJT UBTLT JT UP JOTQFDU UIF mSN�T mOBODJBM SFDPSET BOE SFDPWFS QSFGFSFODF
QBZNFOUT�XIJDI * BTTVNF IF EPFT FċDJFOUMZ BOE BDDVSBUFMZ��� 8JUIPVU QSFGFSFODF
QBZNFOUT
 OFJUIFS TJEF IBT UIF QPXFS UP iCSJCFw UIF PUIFS UP XJOE VQ PQFSBUJPOT� DPN�
CJOFE XJUI UIF FBSMJFS BTTVNQUJPO UIBU MJRVJEBUJPO EPFT OPU FSPEF QSPKFDU WBMVF
 UIF
QSPDFTT BOE QSPDFFET BSF JEFOUJDBM UP UIPTF JO DPNQVMTPSZ MJRVJEBUJPO�

*O B XPSLPVU
 UIF CBOLSVQU EFCUPS OFHPUJBUFT B SFWJTFE EFCU DPOUSBDU XJUI IJT DSFE�
JUPST PVUTJEF UIF KVEJDJBM TZTUFN� 8PSLPVUT
 XIFO BMMPXFE
 GPMMPX B TJNJMBS TDSJQU� *O
UIF 6�4�
 NBOBHFST QSPQPTF B QMBO UP SFTUSVDUVSF UIF EFCU� DSFEJUPST UIFO WPUF PO JU�
*G VOBOJNPVTMZ BDDFQUFE
 UIF QMBO JT JNQMFNFOUFE XJUIPVU SFRVJSJOH DPVSU JOUFSWFO�
UJPO��� 5JNF TQFOU JO CBOLSVQUDZ JT SFEVDFE PS FMJNJOBUFE
 NBLJOH UIFN DIFBQFS
BOE MFTT TUSFTTGVM UIBO GPSNBM SFPSHBOJTBUJPO 	.D$POOFMM BOE 4FSWBFT
 ����
� * BT�
TVNF UIFZ BSF DPTUMFTT�
IBT GFX PQQPSUVOJUJFT UP FEVDBUF IFSTFMG PO UIFJS FYUFOU BOE JODPSQPSBUF UIFN JOUP GVUVSF SVMJOHT�
*OEFFE
 TIF NBZ OPU FWFO XJTI UP NBLF BO BDDVSBUF EFDJTJPO UP CFHJO XJUI� 'PSVN�TIPQQJOH BOE
KVEHFT� EFTJSF UP BUUSBDU IJHI�QSPmMF CBOLSVQUDZ DBTFT NBZ MFBE UP B QSFGFSFODF GPS SFPSHBOJTBUJPO PWFS
MJRVJEBUJPO 	(FOOBJPMJ BOE 3PTTJ
 ����
�

��1SFGFSFODF QBZNFOUT JODMVEF NPTU USBOTGFST UP DPNQBOZ EJSFDUPST 	BOE DPOOFDUFE QFSTPOT
 POF 	6�4�

PS UXP 	6�,�
 ZFBST QSJPS UP JOTPMWFODZ�

��'PS B EJTDVTTJPO PO WPJEBCMF QSFGFSFODFT JO UIF 6�,�
 TFF )JMM 	����
� *O UIF 6�4�
 QBZJOH EJSFDUPST
UP MJRVJEBUF NBZ BMTP GBMM VOEFS 6�4� 5JUMF �� 	����
 f���	�

�PUIFSXJTF LOPX BT UIF iCBOLSVQUDZ
CSJCFSZw TUBUVF� *U TUBUFT UIBU iB QFSTPO XIP LOPXJOHMZ BOE GSBVEVMFOUMZ HJWFT
 PĊFST
 SFDFJWFT PS
BUUFNQUT UP PCUBJO BOZ NPOFZ PS QSPQFSUZ
 SFNVOFSBUJPO
 DPNQFOTBUJPO
 SFXBSE
 BEWBOUBHF PS QSPNJTF
UIFSFPG GPS BDUJOH PS GPSCFBSJOH UP BDU JO UIF DBTF VOEFS UJUMF ��� <y> TIBMM CF mOFE VOEFS UIJT UJUMF

JNQSJTPOFE OPU NPSF UIBO � ZFBST
 PS CPUIw� 	4FF BMTP 6�4� 5JUMF �� 	����
 f���	B
	�
	$

�


��*O UIF 6�,�
 BMM MJRVJEBUJPOT
 SFHBSEMFTT PG TPMWFODZ
 BSF PWFSTFFO CZ B MJRVJEBUPS XJUI UIJT SFTQPOTJCJMJUZ�
*O UIF6�4�
 B MJRVJEBUPS JT BQQPJOUFE POMZ JG UIF mSN VOEFSHPFT $IBQUFS � MJRVJEBUJPO PS TUBUF�HPWFSOFE
i"TTJHONFOU GPS UIF #FOFmU PG $SFEJUPSTw 	"#$
 QSPDFEVSFT� :FU
 FWFO JG UIF CPSSPXFS BOE DSFEJUPS
OFHPUJBUF B TFUUMFNFOU BOE MJRVJEBUF BTTFUT PVUTJEF PċDJBM QSPDFEVSFT
 DSFEJUPST NBZ OFWFSUIFMFTT SF�
DPWFS QSFGFSFODFT JO CBOLSVQUDZ DPVSU BGUFS DPODMVEJOH UIF TBMF� 	'PS B EJTDVTTJPO PG UIJT JTTVF TQFDJmD
UP "#$ QSPDFEVSFT�B HFOFSBMMZ XFBLFS NFDIBOJTN GPS SFDPWFSJOH QSFGFSFODFT�TFF ɩPSOF 	����
�


��"MUIPVHI BMUFSJOH UIF mOBODJBM UFSNT PG B EFCU DPOUSBDU PVUTJEF CBOLSVQUDZ SFRVJSFT UIF VOBOJNPVT
DPOTFOU PG DSFEJUPST 	6�4� 5SVTU *OEFOUVSF "DU ����

 JG BDDFQUFE CZ BU MFBTU B TVQSB�NBKPSJUZ
 UIF mSN
DBO mMF GPS B QSF�QBDL CBOLSVQUDZ� 1SF�QBDL CBOLSVQUDJFT GBTU�USBDL BQQSPWBM PG 	PS BQQSPWF CZ EFGBVMU

XPSLPVU BHSFFNFOUT TVQQPSUFE CZ B DFSUBJO NBKPSJUZ PG DSFEJUPST JO FBDI DMBTT�

�
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ɩF EFCU SFOFHPUJBUJPO HBNF JT WFSZ TJNQMF� * BTTVNF UIF FOUSFQSFOFVS NBLFT B
UBLF�JU�PS�MFBWF�JU PĊFS UP SFQMBDF UIF PSJHJOBM EFCU D EVF BU UJNF � XJUI B OFX POF
D̃ EVF BU UJNF �� *G BDDFQUFE
 QSPKFDUT PQFSBUF BOPUIFS QFSJPE� HSPTT FBSOJOHT BSF
JEFOUJDBM UP V C

2 ��� 6OEFS UIFTF DJSDVNTUBODFT
 UIF FOUSFQSFOFVS PĊFST UIF TNBMMFTU D̃
UIF DSFEJUPS XJMM BDDFQU� POF XIJDI FRVBUFT UIF MBUUFS�T FYQFDUFE FBSOJOHT JO B XPSLPVU

C

W
1 
 XJUI UIPTF PG IJT PVUTJEF PQUJPO�CBOLSVQUDZ 	-FNNB �
�

-FNNB�� *O BXPSLPVU
 UIF FOUSFQSFOFVS PąFST UIF DSFEJUPS UIF TNBMMFTU D̃ TVDI UIBUCB
1 =

C
W
1 � 4VDI B D̃ FYJTUT JG BOE POMZ JG CB

1 ≤ V
C
1 �

"TTVNJOH IJT QSPQPTBM JT BDDFQUFE
 UIF FOUSFQSFOFVS�T FYQFDUFE FBSOJOHT GSPN B
XPSLPVU BSF

E
W
1 = V

C
1 − C

B
1 .

-FU EC
1 CF UIF UJNF � FYQFDUFE WBMVF PG EC

2 � 4JODF C
B
1 JT POMZ FWFS BU NPTU D


E
C
1 ≤ E

W
1 GPS WBMVFT PG X1 XJUIJO B TVċDJFOUMZ TNBMM OFJHICPVSIPPE PG D� ɩF

VQTIPU &OUSFQSFOFVST BSF CFUUFS PĊ JO B XPSLPVU UIBO UIFZ XPVME CF JG DPOUJOVJOH
XIJMF TPMWFOU�BSNFE XJUI UIF UISFBU PG CBOLSVQUDZ
 UIFZ EFNBOE SFWJTFE UFSNT PG
DSFEJU BU MFOEFST� FYQFOTF���

����� 0VUDPNF� )JHI CBOLSVQUDZ DPTUT XFBLFO DSFEJUPST� BCJMJUZ UP TPMJDJU GBJSFS
XPSLPVUT� 'SPN -FNNB �
 IPXFWFS
 XPSLPVUT BSF OP XPSTF UIBO CBOLSVQUDZ BOE
MJRVJEBUJPO NBZ CF CFUUFS� *G UIF GPSNFS FYJTUT
 CPUI QBSUJFT 	XFBLMZ
 QSFGFS UP TFUUMF�
PUIFSXJTF
 JOTPMWFOU mSNT TPNFUJNFT HP CBOLSVQU 	1SPQPTJUJPO �
�
1SPQPTJUJPO �� *OTPMWFOU QSPKFDUT DIPPTF CFUXFFO WPMVOUBSZ MJRVJEBUJPO BOE� 	J
 B XPSLPVU
JG V B

1 ≤ V
C
1 � 	JJ
 CBOLSVQUDZ
 PUIFSXJTF�

8JUIPVU SFPSHBOJTBUJPO
 WJBCMF mSNT PQUJNBMMZ DPOUJOVF�BOE QFS 1SPQPTJUJPO �	J


UIJT JT QSFDJTFMZ XIBU UIFZ EP� -JRVJEBUJPO DBOOPU CFBU BO BDDFQUFE XPSLPVU BOE DSFE�
JUPST OFWFS SFKFDU QSPQPTBMT CZ WJBCMF mSNT�

/PO�WJBCMF mSNT PQUJNBMMZ MJRVJEBUF�CVU UIFJS PXOFST TPNFUJNFT JOTJTU POXPSL�
PVUT UIBU UIFJS MFOEFST EPO�U SFGVTF� 8PSLPVUT FOBCMF FOUSFQSFOFVST UP FYUSBDU EFWJ�
BUJPOT GSPN BCTPMVUF QSJPSJUZ� )PX NVDI EFQFOET PO DSFEJUPS FBSOJOHT JO CBOLSVQUDZ�
��ɩJT BTTVNQUJPO FĊFDUJWFMZ HSBOUT UIF FOUSFQSFOFVS BMM CBSHBJOJOH QPXFS JO CBOLSVQUDZ� *U JT NBEF GPS
USBDUBCJMJUZ� XJUIPVU GVSUIFS DPOTUSBJOUT
 NVMUJQMF FRVJMJCSJB BSF QPTTJCMF� "T TIPXO JO "QQFOEJY #��

IPXFWFS
 BT MPOH BT FOUSFQSFOFVST FYUSBDU TPNF TVSQMVT EVSJOH EFCU SFOFHPUJBUJPOT
 BMM DPODMVTJPOT JO
UIJT QBQFS IPME� "EEJUJPOBMMZ
 HSBOUJOH UIF FOUSFQSFOFVS GVMM QPXFS JT NPTU DPOTJTUFOU XJUI UIF PSJHJOBM
NPUJWBUJPO PG SFTDVF DVMUVSF� *U JT BMTP WFSZ MJLFMZ UP IPME GPS WJBCMF mSNT�J�F�
 UIPTF UIBU IBE PSJHJOBMMZ
QMBOOFE UP PQFSBUF UXP QFSJPET BOE NPSF TVTDFQUJCMF UP UIF TUJHNB PG GBJMVSF BOE TJEF FĊFDUT PG TVEEFO
VOFNQMPZNFOU 	TFF
 F�H�
 -JOO FU BM�
 ����� 'BZ FU BM�
 ����
�

��ɩJT EJTDSFQBODZ DSFBUFT NPUJWF GPS TUSBUFHJD EFGBVMU 	TFF )BSU BOE .PPSF
 ����� #PMUPO BOE 4DIBSG�
TUFJO
 ����
� "T TIPXO JO "QQFOEJY #��
 IPXFWFS
 TUSBUFHJD EFGBVMU JT POMZ IBSNGVM XIFO DPVQMFE
XJUI FYQFOTJWF SFPSHBOJTBUJPO� 0UIFSXJTF
 JU IBT OP FĊFDU PO UIF MFOEJOH NBSLFU BOE QSPCBCMZ OP
FĊFDU PO JOUFSJN JOWFTUNFOU EFDJTJPOT�

��



��� $POUSBDUT BOE DSFEJU
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��

����
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LiquidationReorganisation

'ĚĘĦģĖ Ǻ�Ǻ� 5P MJRVJEBUF PS OPU UP MJRVJEBUF 
/PUFT� .BSHJOBM EJTUSJCVUJPO PG X1 BOE X2 	Π1
� HBNNB EJTUSJCVUJPO XJUI α = 2.25 BOE
β = 2� .PEFM QBSBNFUFST� K0 = 13.99
 K2 = 9.46
 q = 0.42 BOE Y = 0.36� D BOE
MJRVJEBUJPO UISFTIPME EFUFSNJOFE QFS -FNNB � BOE 1SPQPTJUJPO �
 SFTQFDUJWFMZ�

8IFO UIPTF FBSOJOHT BSF MPX
 DSFEJUPST UPMFSBUF MBSHFS XSJUF�PĊT� ɩVT
 FOUSFQSFO�
FVST EFNBOE B QSFNJVN UP MJRVJEBUF� UIF QSPKFDU�T QJFDFNFBM WBMVF NVTU PĊTFU UIF
iIBJSDVUw EFCU IPMEFST DPODFEF JO B XPSLPVU 	TFF 'JHVSF ��� 
�

#VU XPSLPVUT BSFO�U BMXBZT BWBJMBCMF� 4PNFUJNFT DSFEJUPS HBJOT GSPN B QPTTJCMF
MJRVJEBUJPO PVUXFJHI UIF QPUFOUJBM DPTU PG BO FYQFOTJWF SFPSHBOJTBUJPO�NBLJOH CBOL�
SVQUDZ B XPSUIXIJMF HBNCMF� "OE TPNFUJNFT
 UJNF � FBSOJOHT BSF TP MPX UIBU FOUSF�
QSFOFVST mHIU MJRVJEBUJPO OP NBUUFS IPX JOFċDJFOU DPOUJOVBUJPO NBZ CF� ɩF mSN
HPFT CBOLSVQU�

��� $POUSBDUT BOE DSFEJU
8IBUFWFS UIF JOUFSJN PVUDPNF
 FOUSFQSFOFVST� SFUVSOT BSF BHHSFHBUF FBSOJOHT
 V 0

MFTT UIF BNPVOU QBJE UP DSFEJUPST
 C0
 NBLJOH UIFJS VODPOEJUJPOBM FYQFDUFE WBMVF

E0 = V 0 − C0. 	���

ɩF PQUJNBM DPOUSBDU NBYJNJTFT E0
 TVCKFDU UP UIF DPOTUSBJOU UIBU DSFEJUPST� BOUJ�

DJQBUF BU MFBTU UIF QSJODJQBM BNPVOU PG UIFJS MPBO
 J�F�
 K0 ≤ C0� (JWFO V 0 BOE C0

BSF QPTJUJWF
 JU JT PCWJPVT GSPN &RVBUJPO 	���
 UIBU E0 JT JODSFBTJOH JO UIF GPSNFS BOE
EFDSFBTJOH JO UIF MBUUFS� JU JT MFTT PCWJPVT
 IPXFWFS
 IPX FBDI SFBDUT UP D�

4UBSU XJUI WJBCMF mSNT� 7JBCMF QSPKFDUT PQFSBUF CPUI QFSJPET XIFUIFS TPMWFOU PS
OPU�FYQFDUFE BHHSFHBUF FBSOJOHT BSF DPOTUBOU
 NBLJOH ∂V 0/∂D = 0� 4PMWFOU mSNT
TBUJTGZ D ≤ X1 TP JO BOZ PVUDPNF DSFEJUPST SFDFJWF D
 NFBOJOH C

B
1 = D� $PO�

TFRVFOUMZ
 C0 = C
B
0 
 XIFSF C

B
0 JT UIF VODPOEJUJPOBM FYQFDUFE WBMVF PG DSFEJUPS SF�

UVSOT JO CBOLSVQUDZ� 4JODF C
B
0 JT JODSFBTJOH JO D
 E0 NVTU CF EFDSFBTJOH JO JU���

��#PUI CL
1 BOE C

R
1 BSF OPO�EFDSFBTJOH JO D
 NBLJOH ∂C

B
1 /∂D OPO�OFHBUJWF�

��
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&OUSFQSFOFVST PQUJNBMMZ TFU D BT MPX BT QPTTJCMF� C0 = K0�
'PS OPO�WJBCMF mSNT JU JT OP MPOHFS USVF UIBU V 0 JT VOBĊFDUFE CZ D PS UIBU C0 JT

BMXBZT JODSFBTJOH JO JU� "T TIPXO JO UIF QSPPG PG -FNNB �
 UIF DIBOHF JO C0 XJUI
SFTQFDU UP D JT

∂C0

∂D
=

∫

L

∂CL
1

∂D
EΠ̂+

∫

R

∂C
R
1

∂D
EΠ̂+

∂V 0

∂D
, 	���


XIFSF L BOE R BSF UIF TFU PG PVUDPNFT JO XIJDI DSFEJUPST BDDFQU QBZPĊT DPOTJTUFOU
XJUI MJRVJEBUJPO BOE SFPSHBOJTBUJPO
 SFTQFDUJWFMZ
 BOE Π̂ UIFJS KPJOU DVNVMBUJWF EJTUSJ�
CVUJPO GVODUJPO�

∂V 0/∂D JT OFHBUJWF CVU ∂CR
1 /∂D BOE ∂CL

1 /∂D BSF QPTJUJWF TP ∂C0/∂D NBZ
CF QPTJUJWF PS OFHBUJWF� " MBSHFS D JODSFBTFT DSFEJUPST� DMBJNT UP FWFOUVBM FBSOJOHT�
ɩJT EJSFDU FĊFDU JT UIF TVN PG UIF mSTU UXP UFSNT JO &RVBUJPO 	���
� " IJHIFS D

IPXFWFS
 BMTP NBLFT XPSLPVUT BOE CBOLSVQUDZ NPSF BUUSBDUJWF
 EFQSFTTJOH V 0 BOE
UIFSFCZ JOEJSFDUMZ SFEVDJOH C0� UIF UIJSE UFSN PG &RVBUJPO 	���
�

$PNCJOF &RVBUJPO 	���
 XJUI UIF QBSUJBM EFSJWBUJWF PG &RVBUJPO 	���
 XJUI SFTQFDU
UP D
 BOE ∂E0/∂D JT TJNQMZ UIF OFHBUJWF EJSFDU FĊFDU D IBT PO DSFEJUPST� SFUVSOT�
"MUIPVHI D BĊFDUT FOUSFQSFOFVST� EFDJTJPOT BU UJNF �
 BOE UIBU EFDJTJPO BĊFDUT FY�
QFDUFE QSPKFDU WBMVF BU UJNF �
 JUT DPTU JT CPSOF POMZ CZ MFOEFST TP FOUSFQSFOFVST JHOPSF
JU BOE PQU GPS UIF TNBMMFTU D UIFZ DBO� BHBJO
 C0 = K0 	-FNNB �
�

-FNNB �� ǲF FOUSFQSFOFVS QSFGFST UIF TNBMMFTUD TVDI UIBU C0 = K0�

ɩF NBJO GFBUVSF PG UIF PQUJNBM DPOUSBDU JT UIBU FWFSZ FOUSFQSFOFVS XBOUT UIF
DIFBQFTU MPBO IF DBO HFU IJT IBOET PO� )F NBZ IBWF OP DIPJDF�GPS WJBCMF QSPKFDUT
∂C0/∂D JT QPTJUJWF NFBOJOH BU NPTU POFD FYJTUT TVDI UIBUC0 = K0��� 1PTTJCJMJUJFT
BSF CSPBEFS GPS OPO�WJBCMF QSPKFDUT� ∂C0/∂D JT OFJUIFS EFmOJUJWFMZ QPTJUJWF PS OFHBU�
JWF� JU JTO�U OFDFTTBSJMZ FWFO NPOPUPOF� $POTFRVFOUMZ
 UIF D BU XIJDI C0 = K0 NBZ
CF PO UIF VQXBSE PS EPXOXBSE TMPQF PG C0 PS FWFO PDDVS BU TFWFSBM QMBDFT 	'JHVSF ���

�

����� $SFEJU SBUJPOJOH� 6OGPSUVOBUFMZ
 CPSSPXJOH JTO�U HVBSBOUFFE� " IJHIFS D
BĊFDUT SJTL UXPGPME� 	J
 JU JODSFBTFT FOUSFQSFOFVST� DIBODFT PG EFGBVMU� BOE 	JJ
 SFEVDFT
UIFJS EFTJSF UP MJRVJEBUF� #PUI FĊFDUT SFTVMU JO NPSF XPSLPVUT BOE CBOLSVQUDZ� .BL�
JOH FJUIFS NPSF QSPCBCMF SFEVDFT C0� *U JT FOUJSFMZ QPTTJCMF C0 EPFT OPU DPWFS UIF
DSFEJUPS�T JOJUJBM PVUMBZ OP NBUUFS XIBU D UIF FOUSFQSFOFVS JT XJMMJOH UP QBZ� $SFEJU JT
SBUJPOFE�

1SPQPTJUJPO �� 	J
 *G V B
1 ≤ V

C
1 
 TPNF mSNT BSF DSFEJU SBUJPOFE� UIF DSFEJUPS JT XJMMJOH UP

MFOE JG BOE POMZ JGK0 ≤ TVQD C0� 	JJ
 *G V C
1 < V

B
1 
 DSFEJUPST BSF XJMMJOH UP MFOE BU BOZ

K0 ≤ D PO UIF FYUFOEFE SFBM OVNCFS MJOF TVDI UIBU ER
2 = 0 GPS BMMX1
X2�

��ɩFSF JT POF UFDIOJDBM 	BOE SBUIFS QFEBOUJD
 FYDFQUJPO� XIFOC0 = K0 PO B OPO�USJWJBM DMPTFE JOUFSWBM�

��
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'ĚĘĦģĖ Ǻ�ǻ� .VMUJQMF EFCU DPOUSBDUT�
/PUFT� 5SVODBUFE 	BU [FSP
 NJYUVSF EJTUJSVCUJPO� �� QFSDFOU HBNNB EJTUSJCVUJPO XJUI α = 2 BOE β = 1
BOE �� QFSDFOU HFOFSBMJTFE HBNNB EJTUSJCVUJPO XJUI α = 2
 β = 1
 γ = 2 BOE TIJGU QBSBNFUFS µ = 6�
.PEFM QBSBNFUFST� K0 = 7.76
 K2 = 2.48
 q = 0.49 BOE Y = 0.99�

$SFEJU SBUJPOJOH QFS 1SPQPTJUJPO �	J
 IBQQFOT UP CPUI WJBCMF BOE OPO�WJBCMF mSNT�
'PS UIF GPSNFS
 DSJUFSJB BSF TUSBJHIUGPSXBSE� #FDBVTF C0 JT JODSFBTJOH JO D
 JUT TV�
QSFNVN JT JUT MJNJU BT D UFOET UP JOmOJUZ� WJBCMF mSNT BSF DSFEJU�SBUJPOFE XIFOFWFS

MJN
D→∞

C0 =

∫
MJN

D→∞
C

B
1 EΠ̂ = V

B
0 < K0. 	���


7JBCMF QSPKFDUT BSF GVOEFE POMZ XIFO UIFJS UJNF � FYQFDUFE SFUVSOT JO CBOLSVQUDZ
BSF FOPVHI UP DPWFS UIF MPBO�T QSJODJQBM� 8IFO JU DBO�U
 UIF mSN JT DSFEJU�SBUJPOFE�

$SFEJU SBUJPOJOH JT BDUVBMMZ MFTT PG B QSPCMFN GPS OPO�WJBCMF QSPKFDUT� 'PS B TUBSU

NPSF BSF MJRVJEBUFE JO CBOLSVQUDZ� "T TIPXO JO UIF QSPPG PG 1SPQPTJUJPO �


C0 = C
B
0 +

∫

L⋆

(
D − C

B
1

)
EΠ̂, 	���


XIFSF L⋆ JT UIF TFU PG PVUDPNFT JO XIJDI UIF mSN JT WPMVOUBSJMZ MJRVJEBUFE� 8IFO
D UFOET UP JOmOJUZ
 FWFSZ mSN FJUIFS FOHBHFT JO B XPSLPVU PS HPFT CBOLSVQU
 NBL�
JOH &RVBUJPO 	���
 BMTP UIF MJNJU PG &RVBUJPO 	���
� #FDBVTF q = 1 − p
 IPXFWFS

OPO�WJBCMF QSPKFDUT NPSF FBTJMZ BUUBJO K0 ≤ V

B
0 UIBO EP WJBCMF POFT GPS QSPKFDU QBSB�

NFUFST XJUIJO B TVċDJFOUMZ TNBMM OFJHICPVSIPPE PG V C
1 = V L

1 � "OE BMUIPVHI UIPTF
UIBU TBUJTGZ 1SPQPTJUJPO �	J
 EP OPU HP CBOLSVQU
 UIFJS IJHIFS QSPCBCJMJUZ PG CFJOH MJ�
RVJEBUFE JG UIFZ EJE JODSFBTFT UIF WBMVF PG DSFEJUPST� PVUTJEF PQUJPO EVSJOH B XPSLPVU�
&OUSFQSFOFVST IBWF MFTT TDPQF UP FYUSBDU DPODFTTJPOT FY JOUFSJN� ɩFZ BSF SFXBSEFE
XJUI CFUUFS MFOEJOH PQQPSUVOJUJFT FY BOUF�

-FOEJOH UP OPO�WJBCMF mSNT JT TBGFS GPS BOPUIFS SFBTPO� UIFZ PGUFO GPSHP XPSLPVUT
UP WPMVOUBSJMZ MJRVJEBUF� 8IFO MPBOJOH NPOFZ UP WJBCMF QSPKFDUT
 DSFEJUPST FYQFDUCB

0 �

��
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XIFO MFOEJOH UP OPO�WJBCMF QSPKFDUT UIFZ FBSO C
B
0 QMVT B iCPOVTw�UIF JOUFHSBM JO

&RVBUJPO 	���
�QVTIJOH UIF TVQSFNVN PG &RVBUJPO 	���
 CFZPOE &RVBUJPO 	���
���
&WFO JG KVEHFT SFPSHBOJTFE OPO�WJBCMF BOE WJBCMF QSPKFDUT BU UIF TBNF SBUF
 UIF MBUUFS
XPVME TUJMM IBWF B UJHIUFS DSFEJU NBSLFU� 'SPN UIF DSFEJUPS�T QFSTQFDUJWF
 MJRVJEBUJPO
JT TBGFS TP MFOEJOH JT TBGFS XIFO FOUSFQSFOFVST XBOU JU NPSF PGUFO�

"SHVBCMZ
 POF HSPVQ PG OPO�WJBCMF mSN IBT OP QSPCMFN FWFS HFUUJOH DSFEJU�UIPTF
UIBU TPNFUJNFT mMF GPS CBOLSVQUDZ 	1SPQPTJUJPO �	JJ

� "OZ mSN HVBSBOUFFE UP MJRVJE�
BUF BU UJNF � JT HVBSBOUFFE B MPBO� 8JUI XPSLPVUT PO UIF UBCMF
 IPXFWFS
 UIJT QSPNJTF
JT OPU DSFEJCMF FY BOUF CFDBVTF MFOEFST DBQJUVMBUF FY JOUFSJN� 'PS UIPTF UIBU HP CBOL�
SVQU
 IPXFWFS
 DSFEJUPST SFTJTU� $PVQMF UIBU SFTJTUBODF XJUI BO FYDFTTJWFMZ IJHI D
BOE FOUSFQSFOFVS SFUVSOT JO CBOLSVQUDZ BSF FYBDUMZ XIBU UIFZ XPVME CF JO MJRVJEBUJPO�
OPUIJOH� "TTVNJOH mSNT DIPPTF UIF FċDJFOU PQUJPO XIFO UIFJS FBSOJOHT GSPN EPJOH
TP BSF OP XPSTF UIBO UIF BMUFSOBUJWFT
 MJRVJEBUJPO BU UJNF � JT HVBSBOUFFE���

&OUSFQSFOFVST UBLF PVU IJHI JOUFSFTU SBUF MPBOT QFS 1SPQPTJUJPO �	JJ
 POMZ BT B MBTU
SFTPSU��� $SFEJUPST
 PO UIF PUIFS IBOE
 MPWF UIFN 	$PSPMMBSZ �
� ɩFZ BSF SJTL�GSFF
 ZFU
HFOFSBUF B MPOH�SVO SBUF PG SFUVSO BCPWF UIF SJTL�GSFF SBUF� /PU CBE GPS B [FSP�QSPmU
JOEVTUSZ�

$PSPMMBSZ �� -PBOT NBEF QFS 1SPQPTJUJPO �	JJ
 TBUJTGZ E0 = 0 BOEK0 < C0�

$SFEJUPS QSPmUT BSF B CZQSPEVDU PG HVBSBOUFFE MJRVJEBUJPO� -FOEJOH JT QSFEJD�
BUFE PO BWPJEJOH CBOLSVQUDZ BOE FYPSCJUBOU SBUFT EP UIJT�CVU POMZ CZ DPOGFSSJOH UIF
DSFEJUPS BCTPMVUF SJHIUT UP X1� 4JODF DSFEJUPS QSPmUT BSF B TJEF FĊFDU SBUIFS UIBO UIF
TPVSDF PG MFOEJOH
 OP BNPVOU PG DPNQFUJUJPO XJMM ESJWF UIFN CBDL UP [FSP�

����� &OEPHFOPVT DPMMBUFSBM� .BDIJOFT BSF HFOFSBMMZ BWBJMBCMF JO TFWFSBM NPEFMT

QSPEVDFE CZ NPSF UIBO POF DPNQBOZ BOE TPME BU WBSJPVT QSJDFT� %BJMZ OFXTQBQFST
XJUI DJSDVMBUJPO CFUXFFO ���
���o���
��� TQFOE BOZXIFSF GSPN ��o�� NJMMJPO PO B
QSFTT� DPTU EFQFOET PO NBOVGBDUVSFS SFQVUBUJPO
 QPTU�QVSDIBTF TFSWJDF RVBMJUZ
 DPMPVS
DBQBDJUZ BOE TFWFSBM BEEJUJPOBM GFBUVSFT UIBU SFEVDF XBTUBHF
 JODSFBTF BVUPNBUJPO BOE
TQFFE VQ QSJOUJOH� 'BSN FRVJQNFOU JT BWBJMBCMF JO BO FWFO NPSF ESBNBUJD SBOHF� +PIO
%FFSF�T ���� DBUBMPHVF BEWFSUJTFT ��� USBDUPST
 QSJDFE ���
���o���
���� .PEFMT BSF
EJĊFSFOUJBUFE CZ IPSTFQPXFS
 XBSSBOUZ BOE TQFDJBM BEE�POT TVDI BT BJS DPOEJUJPOJOH

JOTUSVNFOU QBOFMT
 BVUPNBUJD USBOTNJTTJPO
 CMVFUPPUI BOE TVSSPVOE TPVOE TQFBLFST�
��CB

2 ≤ D GPS BMM X1
 X2 NBLJOH UIF JOUFHSBM JO &RVBUJPO 	���
 OPO�OFHBUJWF�
��ɩF SFBM XPSME SFMFWBODF PG 1SPQPTJUJPO �	JJ
 EFQFOET DSVDJBMMZ PO XIFUIFS mSNT BDUVBMMZ EP MJRVJEBUF
VOEFS TVDI DPOEJUJPOT� &WJEFODF JO UIF IPNF NPSUHBHF NBSLFU TVHHFTUT UIFZ EP� -FOEFST BSF NPSF
GSFRVFOUMZ BOE SBQJEMZ USBOTGFSSFE PXOFSTIJQ PG IPVTFT GSPN EFMJORVFOU CPSSPXFST XJUI MJUUMF UP OP
FRVJUZ JO UIFJS IPNFT 	"NCSPTF BOE $BQPOF
 ����� 1FOOJOHUPO�$SPTT
 ����
� #PSSPXFST� RVJDL
TVSSFOEFS NBZ CF FTQFDJBMMZ MJLFMZ XIFO CBOLSVQUDZ JODVST B QFSTPOBM DPTU
 TVDI BT MPTU UJNF� 4FF
BMTP 'PPUOPUF �� GPS B EJTDVTTJPO PO UIF MJLFMJIPPE PG WPMVOUBSZ MJRVJEBUJPO BOE UIF FOUSFQSFOFVS�T
PSJHJOBM JOUFOU UP MJRVJEBUF�

��/PUF UIBU V C
1 < V

B
1 JT OPU TVċDJFOU UP HVBSBOUFF MPBOT BSF NBEF BT JO 1SPQPTJUJPO �	JJ
�POMZ UIBU

TVDI MPBOT FYJTU� $IFBQFS MPBOT
 JG PCUBJOBCMF
 BSF QSFGFSSFE 	$PSPMMBSZ �
�

��



��� $POUSBDUT BOE DSFEJU

%JĊFSFOUJBUFE QSPEVDUT DBUFS UP EJWFSTF DMJFOUFMF� -BSHFS OFXTQBQFST OFFE GBTUFS
QSFTTFT CFDBVTF UIFZ QSJOU NPSF DPQJFT� GBSNJOH JO FYUSFNF IFBU NBLFT BJS DPOEJUJPOFE
USBDUPS DBCT 	BMNPTU
 B OFDFTTJUZ� *U JT QPTTJCMF
 IPXFWFS
 UIBU B TQFDUSVN PG QSPEVDUT
TPME BU WBSJPVT QSJDFT BMTP SFMJFWFT DSFEJU SBUJPOJOH DBVTFE CZ CBOLSVQUDZ�

"TTVNF UIF NBDIJOF DPNFT JO B WBSJFUZ PG NPEFMT FBDI PG XIJDI JT FRVBMMZ QSP�
EVDUJWF XIFO FNQMPZFE CZ B TQFDJmD QSPKFDU�VUJMJUZ USBDUPST QJDL VQ KVTU BT NBOZ
CBMFT PG IBZ XIFUIFS FRVJQQFE XJUI TVCXPPGFST PS OPU
 BOE GBTUFS QSFTTFT IBWF MJUUMF
CPUUPN�MJOF JNQBDU XIFO VTFE CZ TNBMMFS OFXTQBQFST� ɩF QSJDF PG B QBSUJDVMBS NPEFM
JT K0 ≤ K0
 XIFSF K0 DPSSFTQPOET UP UIF DIFBQFTU
 PS iCBTFw
 NPEFM�

&WFSZ NPEFM SFUBJOT JUT GVMM WBMVF VOUJM UJNF �� "GUFS UIBU
 UFDIOPMPHJDBM DIBOHF
DBVTFT UIF GBDUPST XIJDI EJĊFSFOUJBUF NPEFMT PG UIF TBNF NBDIJOF UP EFQSFDJBUF GBTUFS
UIBO UIF NBDIJOF JUTFMG��� ɩFJS WBMVF BU UJNF � JT [FSP� FWFSZ NBDIJOF JT XPSUI K2

XIFSF K2 JT UIF UJNF � SFTBMF WBMVF PG UIF CBTF NPEFM�
1SPQPTJUJPO �� 8IFO UIF QSPEVDU NBSLFU GPS NBDIJOFT JT TVĆDJFOUMZ EJąFSFOUJBUFE
 OP POF
JT DSFEJU SBUJPOFE�

'SPN 1SPQPTJUJPO �
 FWFSZ QSPKFDU JT GVOEFE� " TVċDJFOUMZ EJĊFSFOUJBUFE QSPEVDU
NBSLFU FOTVSFT B NPEFM FYJTUT UIBU DPTUT KVTU FOPVHI UP TBUJTGZ V

C
1 < V

B
1 � 1FS 1SP�

QPTJUJPO �	JJ

 UIF FOUSFQSFOFVS XIP QVSDIBTFT UIJT NPEFM HVBSBOUFFT IJT QSPKFDU JT
MJRVJEBUFE BU UJNF �� -PBOJOH IJN NPOFZ JT SJTLMFTT
 TP IF BMXBZT HFUT DSFEJU�

8IFUIFS UIF FOUSFQSFOFVS BDUVBMMZ CVZT BO FYQFOTJWFNPEFM JT B EJĊFSFOU RVFTUJPO�
7JBCMF mSNT BCMF UP HFU DSFEJU GPSK0 DIPPTF UIF CBTFNPEFM� &WFSZ PUIFS mSN JO FWFSZ
PUIFS DJSDVNTUBODF
 IPXFWFS
 CVZT BO FYQFOTJWF NBDIJOF
 J�F�
 POF UIBU DPTUT

K0 = NBY{K0, (1− Y )(XH
2 +K2)

}
,

XIFSF XH
2 JT UIF VQQFS MJNJU PG X2 	$PSPMMBSZ �
���

$PSPMMBSZ �� 7JBCMF mSNT DIPPTFK0 = K0 BUK0 ≤ D JG DSFEJUPST BSF XJMMJOH UP MFOE� BMM
PUIFS mSNT DIPPTFK0 BUK0 = D�

"OZ DSFEJU SBUJPOFE QSPKFDU WJBCMF BU K0 XPO�U HFU DSFEJU BU BOZ PUIFS K0 UIBU
MFBWFT &RVBUJPO 	���
 JOUBDU� &RVBUJPO 	���
 JT EFDSFBTJOH JO K0 NBLJOH MPBOT IBSEFS
UP HFU BT UIF NBDIJOF�T QSJDF SJTFT� 4JODF K0 XBT BMSFBEZ UIF DIFBQFTU NPEFM
 BO FO�
USFQSFOFVS�T POMZ PQUJPO JT UP WFSJmBCMZ HSBOU DSFEJUPST NPSF CBSHBJOJOH QPXFS EVSJOH
JOTPMWFODZ�CZ CVZJOH B NBDIJOF FYQFOTJWF FOPVHI UP SFWFSTF &RVBUJPO 	���

 DPO�
WFSUJOH B QSFWJPVTMZ WJBCMF QSPKFDU JOUP B OFXMZ OPO�WJBCMF POF�
��'PS FYBNQMF
 USBDUPST BSFO�U SFNBSLBCMZ EJĊFSFOU GSPN UIPTF QSPEVDFE JO ���� CVU UPEBZ�T BVEJP TZT�
UFNT BSF B CJH DIBOHF GSPN FBSMJFS HSBNPQIPOFT� 4JNJMBSMZ
 BDDPSEJOH UP ,FMMFZ #MVF #PPL
 B TUBOEBSE
FRVJQQFE ���� 5PZPUB $BNSZ 4-& ��EPPS TFEBO DVSSFOUMZ DPTUT ���� QFSDFOU PG UIF QSJDF PG B TUBOE�
BSE FRVJQQFE ���� .FSDFEFT�#FO[ 4�$MBTT 4��� ��EPPS TFEBO� ɩBU TBNF $BNSZ QVSDIBTFE JO ����

IPXFWFS
 DVSSFOUMZ DPTUT ���� QFSDFOU PG B DPNQBSBCMF ���� .FSDFEFT�#FO[ 4�$MBTT� 	"TTVNFT BMM DBST
BSF JO FYDFMMFOU DPOEJUJPO�


��i4VċDJFOU EJĊFSFOUJBUJPOw JO 1SPQPTJUJPO � SFRVJSFE POMZ UIBU TPNF K0 FYJTUT TVDI UIBU V C
1 < V

B
1 �

$PSPMMBSZ � BQQMJFT POMZ JG iTVċDJFOU EJĊFSFOUJBUJPOw JODMVEFT B NPEFM XIJDI DPTUT K0�

��
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#Z iPWFS�JOWFTUJOHw�J�F�
 QVSDIBTJOH B NBDIJOF XJUI HSFBUFS DBQBCJMJUJFT 	BOE B
IJHIFS QSJDF UBH
 UIBO XIBU IF BDUVBMMZ OFFET�UIF FOUSFQSFOFVS GVOEBNFOUBMMZ BMUFST
UIF SFMBUJPOTIJQ CFUXFFO IJT QSPKFDU�T WBMVF JO DPOUJOVBUJPO BOE JUT BTTFUT� QJFDFNFBM
SFTBMF WBMVF� "MUIPVHI IJT QSPKFDU OPX HFUT DSFEJU
 IF NBOBHFT UIJT POMZ CZ TIPSUFOJOH
JUT MJGFTQBO�

&WFSZ FOUSFQSFOFVS PG B OPO�WJBCMF mSN�XIFUIFS OPO�WJBCMF BU K0 PS CFDBVTF
DSFEJU JT POMZ BWBJMBCMF JG SFOEFSFE OPO�WJBCMF�XBOUT UP TVCWFSU FOUJSFMZ IJT FY JOUFSJN
JODFOUJWF UP EFNBOE B XPSLPVU� 'SPN 1SPQPTJUJPO �
 OPO�WJBCMF QSPKFDUT BSF TPNF�
UJNFT PQFSBUFE B TFDPOE QFSJPE XIFO UJNF � FBSOJOHT BSF MPX� #VU GSFFEPN BU UJNF
� NFBOT B IJHIFS D BU UJNF �� &Y BOUF
 JUT FOUSFQSFOFVS TUJMM QSFGFST D BT TNBMM BT
QPTTJCMF 	-FNNB �
� CZ FYUFOTJPO IF NVTU XBOU MJRVJEBUJPO BT QSPCBCMF BT QPTTJCMF�
1VSDIBTJOH UIF FYQFOTJWF NBDIJOF BU K0 HVBSBOUFFT JU�

K0 BTTVSFT MJRVJEBUJPO NVDI MJLF BO FYPSCJUBOU D XPVME QFS 1SPQPTJUJPO �	JJ
 CVU
XJUI POF DSVDJBM EJĊFSFODF� UIF FOUSFQSFOFVS SFUBJOT DPOUSPM SJHIUT UP X1� #Z TFUUJOH
D = K0 UIF DSFEJUPS SFDPWFST UIF MPBO QSJODJQBM JO FWFSZ TUBUF� UIF FOUSFQSFOFVS LFFQT
BMM DBTI nPXT�

0WFS�JOWFTUNFOU CZ mSNT OPU WJBCMF BUK0 DPOUSJCVUFT UP B NPSF TPDJBMMZ EFTJSBCMF
PVUDPNF� &OUSFQSFOFVST FYQMPJU UIF WBMVF PG UIF NBDIJOF BU UJNF � BOE JUT XPSUI BU
UJNF � UP JOEVDF CFUUFS CFIBWJPVS BU UJNF �� JODSFBTJOH K0 SFEVDFT UIFJS EFTJSF UP
EFNBOE XPSLPVUT PS CBOLSVQUDZ� CZ CVZJOH UIF NPEFM UIBU DPTUT K0 UIFZ FMJNJOBUF
JU FOUJSFMZ�

��� 1PMJDZ JNQMJDBUJPOT
1SPQPTJUJPO �
 1SPQPTJUJPO � BOE 1SPQPTJUJPO � JNQMZ UXP GVOEBNFOUBM QSPCMFNT
DBVTFE CZ CBOLSVQUDZ� 	J
 DSFEJU SBUJPOJOH BOE�PS EFDJTJPOT UIBU JOEVDF QSFNBUVSF
MJRVJEBUJPO FY BOUF� BOE 	JJ
 JOFċDJFOU DPOUJOVBUJPO FY JOUFSJN� 1SPCMFN � BĊFDUT WJ�
BCMF mSNT� 1SPCMFN � BĊFDUT OPO�WJBCMF mSNT�

3FTDVF DVMUVSF TVQQPTFEMZ MJNJUT MJRVJEBUJOH WJBCMF mSNT� 8IFO QSPDFEVSFT BSF
FYQFOTJWF
 IPXFWFS
 UIF PQQPTJUF PDDVST� .JOJNJTJOH 1SPCMFN � NFBOT DVUUJOH UIFJS
DPTU��� 8IFO Y = 0
 BMM WJBCMF mSNT HFU DSFEJU� K0 < V

B
0 � QFS 1SPQPTJUJPO �	J


BOE &RVBUJPO 	���
 B D FYJTUT UIBU TBUJTmFT -FNNB �� 4JODF WJBCMF mSNT DPOUJOVF
FWFO XIFO JOTPMWFOU 	1SPQPTJUJPO �	J


 JOWFTUNFOU EFDJTJPOT BSF BOZXBZ FċDJFOU�
.FBOXIJMF
 1SPQPTJUJPO �	JJ
 BQQMJFT UP BMM OPO�WJBCMF mSNT� OPOF BSF FYDMVEFE GSPN
UIF MFOEJOH NBSLFU� 8JUI TVċDJFOUMZ EJĊFSFOUJBUFE QSPEVDU NBSLFUT GPS QSPEVDUJWF
BTTFUT
 FY JOUFSJN EFDJTJPOT BSF FċDJFOU BT XFMM���
��"T * TIPX JO B DPNQBOJPO QBQFS
 KVEJDJBM FSSPST NBZ BMTP SFEVDF DSFEJU�SBUJPOJOH PG BOE TFMG�JOEVDFE
QSFNBUVSF MJRVJEBUJPO CZ WJBCMF mSNT 	)FOHFM
 ����
�

��8IFO UIF NBSLFU GPS NBDIJOFT JT JOTVċDJFOUMZ EJĊFSFOUJBUFE
 TPNF OPO�WJBCMF mSNT BSF BMXBZT BU SJTL
PG mMJOH GPS CBOLSVQUDZ XIFO JOJUJBM FBSOJOHT BSF WFSZ MPX�BOE B GSBDUJPO PG UIPTF NBZ CF JOFċDJFOUMZ
DPOUJOVFE EVF UP KVEJDJBM FSSPS� /FWFSUIFMFTT
 TVC�PQUJNBM JOUFSJN EFDJTJPOT BSF JOGSFRVFOU� 'JSNT
PQU GPS CBOLSVQUDZ JO POMZ B OBSSPX TFU PG NBUIFNBUJDBM DJSDVNTUBODFT QSFEJDBUFE NPTUMZ CZ EJTNBM
JOJUJBM FBSOJOHT� 8IFO MPX FBSOJOHT BSF JNQSPCBCMF
 D XJMM CF MPX TRVFF[JOH UIF SBOHF PG X1 UIBU
NBLF CBOLSVQUDZ BUUSBDUJWF� 8IFO UIFZ BSF MJLFMZ
 mSNT NBZ HFU DSFEJU BU TPNF D TVDI UIBU C0 =
K0� *O UIJT DBTF
 IPXFWFS
 CBOLSVQUDZ JT OPU NVDI XPSTF UIBO MJRVJEBUJPO
 TP FJUIFS UIF EJĊFSFODF

��



��� 1PMJDZ JNQMJDBUJPOT

ɩF NPEFM BTTVNFT CBOLSVQUDZ EPFT OPU FYQMJDJUMZ DVSUBJM DSFEJUPST� SJHIU UP D�
ɩVT
 SFHVMBUJPOT XIJDI OFJUIFS SFEVDF GVUVSF FBSOJOHT OPS FYQMJDJUMZ DVU DMBJNT EP
OPU JNQBDU FY BOUF MFOEJOH EFDJTJPOT� "T EJTDVTTFE JO UIF JOUSPEVDUJPO
 NPTU SVMFT
GSPN $IBQUFS �� NFFU UIFTF DSJUFSJB�FWFO TVQFS�TFOJPS JOUFSJN mOBODJOH� "T TIPXO
JO "QQFOEJY #��
 FNFSHFODZ mOBODF QSFWFOUT FYJTUJOH DSFEJUPST GSPN CMPDLJOH OFX
MPBOT� /FWFSUIFMFTT
 JOUFSJN MPBOT EP OPU BMUFS VOEFSMZJOH mSN WBMVF� DPOUSBDUT BEKVTU
VQGSPOU UP BDDPVOU GPS UIFJS QPTTJCJMJUZ� -FOEJOH DPOEJUJPOT BOE JOWFTUNFOU EFDJTJPOT
SFNBJO FċDJFOU�

:FU FMFWBUJOH UIF WBMVF PG DSFEJUPST� PVUTJEF PQUJPO TJNVMUBOFPVTMZ BEESFTTFT 1SPC�
MFNT � BOE �� 4FWFSBM DPNNPO MBX DPVOUSJFT�NPTU OPUBCMZ UIF 6�,� CFGPSF �����
JODMVEF B GPSN PG CBOLSVQUDZ UIBU EPFT KVTU UIBU� SFDFJWFSTIJQ� 3FDFJWFSTIJQ BQQMJFT UP
B TQFDJBM DMBTT PG DSFEJUPS�POF UIBU IPMET B MJFO PO NPSF UIBO KVTU UIF mSN�T QIZTJDBM
BTTFUT�

i'MPBUJOH DIBSHFw MJFOT BQQMZ UP BO FOUJSF CVTJOFTT��� *O SFDFJWFSTIJQ
 B DSFEJUPS
TFDVSFE CZ POF IBT GVMM DPOUSPM PG UIF EJTUSFTTFE mSN� )F NBZ PQFSBUF JU IJNTFMG
 TFMM
JU UP B UIJSE QBSUZ PS MJRVJEBUF JUT BTTFUT QJFDFNFBM� 4FUUJOH q = 0 TJNVMBUFT SFDFJWFS�
TIJQ� DSFEJUPS BOE FOUSFQSFOFVS EJTBHSFFNFOU JNQMJFT UIF DSFEJUPS TVQQPSUT MJRVJEBUJPO
	-FNNB �
� XJUIPVU SFPSHBOJTBUJPO
 DPVSUT VQIPME IJT XJTI�

$POUSBDUT CBTFE PO SFDFJWFSTIJQ SFQMBDF B QBZNFOU XJUI BO PVUDPNF QSFDJTFMZ
XIFO UIBU QBZNFOU JT QBSUJDVMBSMZ SJTLZ� 4BGFS PVUTJEF PQUJPOT BSF NPSF WBMVBCMF

GPSDJOH FOUSFQSFOFVST UP TIPVMEFS HSFBUFS mOBODJBM SFTQPOTJCJMJUZ JO JOTPMWFODZ� 4JODF
C

B
1 = CL

1 
 UIF DSFEJUPS BMXBZT SFDPWFST UIF QSJODJQBM BNPVOU PG IJT MPBO� -FOEJOH JT
SJTLMFTT� ɩF FOUSFQSFOFVS BTLT UP CPSSPX K0 BOE SFQBZ FYBDUMZ UIBU POF QFSJPE MBUFS�
ɩF DSFEJUPS BDDFQUT� &WFSZ QSPKFDU JT GVOEFE� &Y BOUF BOE FY JOUFSJN JOWFTUNFOU
EFDJTJPOT BSF FċDJFOU 	1SPQPTJUJPO �
�

1SPQPTJUJPO �� *O SFDFJWFSTIJQ
 D = K0� ǲFSF JT OP DSFEJU�SBUJPOJOH� /PO�WJBCMF mSNT
MJRVJEBUF BU UJNF �� 7JBCMF mSNT DPOUJOVF VOUJM UJNF ��

#VU SFDFJWFSTIJQ JT OPU DPNNPO BOE JUT BCJMJUZ UP BMMFWJBUF DSFEJU�SBUJPOJOH GSF�
RVFOUMZ VOEFSNJOFE CZ SFHVMBUJPO� 3FGPSNFE 6�,� QSPDFEVSFT UPPL FĊFDU JO �����
ɩF OFX MBX MJNJUT nPBUJOH DIBSHFT UP FJHIU FYDFQUJPOBM DBTFT���

3FTDVF DVMUVSF XBT UIF PCWJPVT SBUJPOBMF� /FWFSUIFMFTT
 �� QFSDFOU PG TNBMM�UP�
NFEJVN�TJ[FE mSNT JO #SJUJTI SFDFJWFSTIJQ VMUJNBUFMZ DPOUJOVFE PQFSBUJOH BT HP�
JOH DPODFSOT�BOE NPTU MFOEFST UIBU FWFOUVBMMZ MJRVJEBUFE HFOVJOFMZ USJFE B SFTDVF
CFUXFFO SFUVSOT JO MJRVJEBUJPO BOE UIPTF JO DPOUJOVBUJPO BSF TNBMM PS KVEJDJBM MJLFMJIPPE PG MJRVJEBUJPO
JT IJHI� *G
 PO UIF PUIFS IBOE
 OP TVDI D JT BWBJMBCMF
 UIF mSN POMZ HFUT DSFEJU BU BO FYPSCJUBOU SBUF
	1SPQPTJUJPO �	JJ


 UIVT HVBSBOUFFJOH BO FċDJFOU PVUDPNF BU UJNF ��

��'MPBUJOH DIBSHFT NBZ BMTP CF NPSF OBSSPXMZ EFmOFE PS DP�FYJTU XJUI USBEJUJPOBM TFDVSFE MPBOT�
��ɩFZ BSF� �� DBQJUBM NBSLFUT� �� QVCMJD�QSJWBUF QBSUOFSTIJQT� �� VUJMJUJFT� �� VSCBO SFHFOFSBUJPO QSPKFDUT�
�� QSPKFDU mOBODF� �� mOBODJBM NBSLFUT� �� TPDJBM MBOEMPSET� BOE �� TQFDJBM BENJOJTUSBUJPO SFHJNFT
	OPUBCMZ
 USBOTQPSU BOE XBUFS
� &BDI JT GVSUIFS MJNJUFE CZ TFWFSBM TQFDJmD QSPWJTJPOT JO &OUFSQSJTF "DU
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XIFSF Π1 JT UIF NBSHJOBM EJTUSJCVUJPO PG X1� &RVBUJPO 	"��
 JT TBUJTmFE POMZ JG
∂X⋆

1/∂D = 1�
-FU XH

1 CF UIF VQQFS TVQQPSU PG Π1� "HHSFHBUF FYQFDUFE SFUVSOT BU UJNF � BSF

V 0 =

∫ XH
1

X⋆
1

V L
1 EΠ1 +

∫ X⋆
1

0
V

o
1 EΠ1,

XIFSF o ∈ {C,B} QFS 1SPQPTJUJPO �� %JĊFSFOUJBUJOH XJUI SFTQFDU UP D


∂V 0

∂D
= −

(
V

L
1 − V

o
1

)
Π′

1(X
⋆
1 ).

∂V 0/∂D JT UIF FYQFDUFE GBMM JO WBMVF GSPN JOFċDJFOUMZ DIPPTJOH CBOLSVQUDZ PS B
XPSLPVU PWFS MJRVJEBUJPO� (JWFO UIF MBUUFS TDFOBSJP NBYJNJTFT SFUVSOT
 ∂V 0/∂D JT
OFHBUJWF�

"OBMPHPVTMZ
 FYQFDUFE DSFEJUPS SFUVSOT BU UJNF � BSF

C0 =

∫ XH
1

X⋆
1

CL
1 EΠ1 +

∫ X⋆
1

0
C

B
1 EΠ1. 	"��


��
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%JĊFSFOUJBUJOH XJUI SFTQDU UPD BOE TVCTUJUVUJOH ∂X⋆
1/∂D = 1 GSPN &RVBUJPO 	"��


BOE &RVBUJPO 	"��



∂C0

∂D
=

∫ XH
1

X⋆
1

∂CL
1

∂D
EΠ1 +

∫ X⋆
1

0

∂C
B
1

∂D
EΠ1 − q

(
CL⋆
1 − C

R⋆

1

)
Π′

1(X
⋆
1 )

∂X⋆
1

∂D

=
(
1− qΠ1(X

⋆
1 )
)
E0

[
∂CL

1

∂D

∣∣∣L
]
+ qΠ1(X

⋆
1 )E0

[
∂C

R
1

∂D

∣∣∣R
]
+

∂V 0

∂D
, 	"���


XIFSF L BOE R BSF UIF TFU PG PVUDPNFT JO XIJDI DSFEJUPST BDDFQU QBZPĊT DPOTJTUFOU
XJUI MJRVJEBUJPO BOE SFPSHBOJTBUJPO
 SFTQFDUJWFMZ� qΠ1(X⋆

1 ) JT UIF QSPCBCJMJUZ UIF QSP�
KFDU JT SFPSHBOJTFE
 NBLJOH &RVBUJPO 	"���
 FRVJWBMFOU UP &RVBUJPO 	���

 BT EFTJSFE�

1SPPG PG 1SPQPTJUJPO �� 'PS 	J

 JU SFNBJOT UP TIPX UIBU &RVBUJPO 	���
 JT C0� 'SPN
&RVBUJPO 	"��
 BOE UIF EFmOJUJPO PG CB

1 


C0 =

∫ XH
1

0
C

B
1 EΠ1 +

∫ XH
1

X⋆
1

(C
L
1 − C

B
1 ) EΠ1

= C
B
0 +

∫

L⋆
(C

L
1 − C

B
1 ) EΠ1, 	"���


XIFSF L⋆ JT UIF TFU PG X1 TVDI UIBU X⋆
1 ≤ X1� 'PS BMM X1 ∈ L⋆
 UIF mSN WPMVOUBSJMZ

MJRVJEBUFT� 1FS 1SPQPTJUJPO �
 WPMVOUBSZ MJRVJEBUJPO SFRVJSFT V L
1 JT BU MFBTU CL

1 
 J�F�

C

L
1 = D� &RVBUJPO 	"���
 JT FRVJWBMFOU UP &RVBUJPO 	���
�
'PS 	JJ

 MFU V C

1 < V
B
1 BOE DPOTJEFS B EFCU DPOUSBDU K0 < D TVDI UIBU ER

2 = 0
GPS BMM X1, X2� 1FS 1SPQPTJUJPO �
 UIF JOTPMWFOU FOUSFQSFOFVS QSFGFST CBOLSVQUDZ POMZ
XIFO E

B
1 JT TUSJDUMZ NPSF UIBO EL

1 � UIF FOUSFQSFOFVS MJRVJEBUFT
 PUIFSXJTF� ɩJT JO�
FRVBMJUZ JT FRVJWBMFOU UP EL

1 < E
R
1 
 XIJDI JT GBMTF� MJNJUFE MJBCJMJUZ FOTVSFT EL

1 JT
OPO�OFHBUJWF BOE E

R
1 = 0 TJODF ER

2 JT � CZ BTTVNQUJPO� ɩVT
 UIF FOUSFQSFOFVS BM�
XBZT MJRVJEBUFT XIFO JOTPMWFOU� 4JODF TPMWFODZ JNQMJFT GVMM SFQBZNFOU BOE JOWPMWFODZ
HVBSBOUFFT MJRVJEBUJPO
 UIF DSFEJUPS SFDPWFST BU MFBTU K0 JO FWFSZ TUBUF� )F JT XJMMJOH
UP MFOE BU D� ɩVT
 BMM JT QSPWFE�

1SPPG PG $PSPMMBSZ �� -FU V C
1 < V

B
1 BOE EFmOF XH

1 BOE XH
2 BT UIF VQQFS TVQQPSU PG

X1 BOE X2
 SFTQFDUJWFMZ�
"TTVNF (1 − Y )(XH

2 +K2) ≤ K0� 4FU D = K0 BOE DPOTJEFS X1 < K0� ɩF
mSN JT JOTPMWFOU� ɩF FOUSFQSFOFVS�T FYQFDUFE SFUVSOT JO SFPSHBOJTBUJPO BSF

E
R
1 ≤ NBY{X1 + (1− Y )(XH

2 +K2)−K0, 0} = 0 ≤ X1 = EL
1 .

��



# 3PCVTUOFTT

4JODF E
R
1 ≤ EL

1 
 UIF FOUSFQSFOFVS MJRVJEBUFT JG JOTPMWFOU BOE SFQBZT K0 XIFO OPU�
ɩF DSFEJUPS JT QBJE K0 JO BMM TUBUFT� ɩVT
 C0 = K0� ɩF FOUSFQSFOFVS PCUBJOT B MPBO
QFS -FNNB � BOE OPU QFS 1SPQPTJUJPO �	JJ
�

"TTVNF K0 < (1− Y )(XH
2 +K2)� -FU D = XH

1 + (1− Y )(XH
2 +K2)� ɩFO

X1 < D
 EL
1 = 0 BOE ER

2 = 0 GPS BMM X1 BOE X2� ɩF mSN EFGBVMUT SFHBSEMFTT PG
JOJUJBM FBSOJOHT� UIF FOUSFQSFOFVS BHSFFT UP WPMVOUBSJMZ MJRVJEBUF BOE D JT TP IJHI UIBU
UIF DSFEJUPS LFFQT UIF FOUJSFUZ PG UIPTF QSPDFFET� ɩVT
 E0 = 0 BOE C0 = X1 +K0

XIFSF X1 JT UIF UJNF � FYQFDUFE WBMVF PG X1�
1SPPG PG $PSPMMBSZ �� *O UIF QSPPG PG $PSPMMBSZ � JU JT TIPXO UIBU JG K0 ≤ K0 UIFO
D = K0� *U SFNBJOT UP TIPX UIBU WJBCMF mSNT DIPPTF K0 = K0 BU K0 ≤ D JG
DSFEJUPST BSF XJMMJOH UP MFOE�

$POTJEFS B WJBCMF mSN BOE UIF TFU PG BMMK0 TVDI UIBUK0 ≤ K0
 &RVBUJPO 	���
 JT
TBUJTmFE BOE UIF DSFEJUPS JT XJMMJOH UP MFOE QFS -FNNB �� ɩF mSN BMXBZT DPOUJOVFT�
V 0 JT DPOTUBOU� 1FS &RVBUJPO 	���

E0 JT EFDSFBTJOH JOK0� ɩF FOUSFQSFOFVS DIPPTFT
UIF CBTF NPEFM BOE UIVT BMM JT QSPWFE�
1SPPG PG 1SPQPTJUJPO �� 1SPQPTJUJPO � GPMMPXT CZ TFUUJOH D = K0 BOE FYBNJOJOH PVU�
DPNFT JO FBDI TUBUF� ɩF DSFEJUPS BMXBZT SFDPWFST D BOE UIF FOUSFQSFOFVS�T EFDJTJPOT
BSF BMXBZT FċDJFOU�

# 3PCVTUOFTT
#�� 4VQFS�TFOJPS mOBODJOH� -FU MPXFS TVQQPSU GPS X1 CF XL

1 < 0� X2 SFNBJOT
OPO�OFHBUJWF��� $POTJEFS UIF FOUSFQSFOFVS PG B WJBCMF mSNXIP PCUBJOFE B MPBO BU GBDF
WBMVF D1 BOE FBSOFE X1 < 0 JO UJNF �� 5P DPOUJOVF PQFSBUJOH
 IF NVTU mOBODF mSTU
QFSJPE MPTTFT� * BTTVNF MPBOT UBLFO PVU JO UIJT NBOOFS BSF MFHBMMZ DPOGFSSFE TFOJPSJUZ UP
BMM FYJTUJOH EFCU CVU PCMJHBUJPOT JO UIF PSJHJOBM EFCU DPOUSBDU BXBSE FYJTUJOH DSFEJUPST
SJHIU PG mSTU SFGVTBM�

"MMPXJOH TVQFS�TFOJPS mOBODJOH QSFWFOUT DSFEJUPST GSPN CMPDLJOH OFX MPBOT�
TIPVME FYJTUJOH EFCU IPMEFST SFGVTF
 UIF CPSSPXFS DBO UVSO UP UIFXJEFS MFOEJOHNBSLFU�
ɩVT
 DSFEJUPST FWBMVBUF UIF OFX MPBOT JOEFQFOEFOU PG UIFJS QSFWJPVT TUBLF� ɩFZ
FYUFOE POF JG UIFSF FYJTUT TPNF D2 TVDI UIBU

E1 [NJO{D2, X2 +K2}] = −X1. 	#���

&RVBUJPO 	#���
 JT JODSFBTJOH JO D2� D2 FYJTUT JG BOE POMZ JG −X1 ≤ X2 +K2


XIFSF X2 JT UIF FYQFDUFE WBMVF PG X2� *G D2 EPFT OPU FYJTU GPS UIF PSJHJOBM DSFEJUPS
 JU
EPFT OPU FYJTU GPS BOZ DSFEJUPS� 8JUIPVU OFDFTTBSZ mOBODJOH
 UIF mSN JT MJRVJEBUFE���
��4JODF OFJUIFS DSFEJUPS OPS FOUSFQSFOFVS BSF SFTQPOTJCMF GPS UJNF � MPTTFT
 UIF BTTVNQUJPO 0 ≤ X2

JT NBEF GPS FYQMBOBUPSZ FBTF� *G X2 XFSF OFHBUJWF
 BO FRVJWBMFOU OPO�OFHBUJWF SBOEPN WBSJBCMF BOE
DPSSFTQPOEJOH QSPCBCJMJUZ NBTT GVODUJPO FYJTU UIBU BTTJHO � GPS BMM X2 TVDI UIBU X2 + K2 < 0 BOE
X2 +K2
 PUIFSXJTF�

��/PO�OFHBUJWF SFUVSOT BU UJNF � JOUSPEVDFT B OVBODF UP iWJBCJMJUZw� *O GBDU
 UIF mSN XBT OPU WJBCMF�
POMZ FYQFDUFE UP CF� "GUFS SFBMJTBUJPO PG UJNF � FBSOJOHT
 JU JT CFUUFS UP MJRVJEBUF
 TJODF QSPKFDU FBSOJOHT
BSF OPU IJHI FOPVHI UP DPWFS UIF DPTUT SFRVJSFE UP LFFQ JU JO PQFSBUJPO�

��
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8IFO FWBMVBUJOH UIF PSJHJOBM MPBO BU UJNF �
 UIF FOUSFQSFOFVS FYQFDUT D1 XIFO
D1 ≤ X1� *G X1 GBMMT CFMPX UIBU CVU BCPWF �
 UIF QSPKFDU JT JOTPMWFOU� *O UIF BCTFODF
PG CBOLSVQUDZ DPTUT
 XPSLPVU OFHPUJBUJPOT GBWPVS UIF DSFEJUPS TJODF SFPSHBOJTBUJPO JT
FRVJWBMFOU UP DPOUJOVBUJPO BOE MJRVJEBUJPO HVBSBOUFFT SFDPWFSZ PG IJT JOJUJBM JOWFTU�
NFOU� XJUIPVU MPTT PG HFOFSBMJUZ * BTTVNF CPUI QBSUJFT BHSFF UP DPOUJOVF PQFSBUJOH UIF
mSN CVU EP OPU PUIFSXJTF NPEJGZ UIF PSJHJOBM MPBO DPOUSBDU� $SFEJUPS SFUVSOT BSF

E1 [NJO{D1, X1 +X2 +K2}] .

*G X1 JT MFTT UIBO � CVU NPSF UIBO −(X2 + K2)
 UIF DSFEJUPS MPBOT −X1 QFS
&RVBUJPO 	#���
� )JT FYQFDUFE SFUVSOT BU UJNF � BSF

E1 [NJO{D1 +D2, X2 +K2}] +X1.

8IFO X1 GBMMT CFMPX −(X2 +K2) UIF QSPKFDU JT MJRVJEBUFE��� 4JODF UIF mSN JT
EFFNFE iWJBCMFw
 K0 < −(X2 +K2)� ɩF DSFEJUPS FBSOT OPUIJOH�

*O FWFSZ TDFOBSJP
 DSFEJUPS SFUVSOT JODSFBTF JO D1� ɩFJS TVQSFNVN PDDVST BU UIF
MJNJU BT D1 UFOET UP JOmOJUZ
 J�F�


X1 +X2 +K2, 	#���

XIFSF X1 JT UIF FYQFDUFE WBMVF PG X1� 4JODF UIF mSN JT WJBCMF
 &RVBUJPO 	#���
 JT
NPSF UIBO K0� "QQMZJOH TJNJMBS BSHVNFOUT VTFE UP QSPWF 1SPQPTJUJPO �
 B D1 FYJTUT
UIBU TBUJTmFTC0 = K0� ɩF MFOEJOH DPOEJUJPOT GPS WJBCMF mSNT BSF OPU GVOEBNFOUBMMZ
BMUFSFE XIFO CBOLSVQUDZ MBX BMMPXT TVQFS�TFOJPS mOBODJOH�

#�� 4USBUFHJD EFGBVMU� *O UIJT TFDUJPO
 * JMMVTUSBUF UIBU TUSBUFHJD EFGBVMU EPFT OPU
BĊFDU MFOEJOH XIFO SFPSHBOJTBUJPO JT DPTUMFTT� *O B NJOPSJUZ PG DBTFT
 KVEJDJBM FSSPS
NBZ MFBE UP QSFNBUVSF MJRVJEBUJPO�

-FU Y = 0� "CTDPOEJOH XJUINPSF UIBOX1 SFRVJSFT TVSSFQUJUJPVT MJRVJEBUJPO UIBU
JT B TFSJPVT CSFFDI PG DPOUSBDU BOE QSPCBCMZ DPOTUJUVUFT GSBVE� * BTTVNF JUT QVOJTINFOU
JT FOPVHI UP EFUFS JU FOUJSFMZ� "EEJUJPOBMMZ
 X1 < D USJHHFST JOTPMWFODZ BOE JG UIF
DSFEJUPS EFTJSFT
 DPVSU TVQFSWJTJPO JNQMJFE CZ CBOLSVQUDZ� ɩVT
 TUSBUFHJD EFGBVMU JT
QPTTJCMF POMZ VQ UP D ≤ X1���

$POTJEFS OPO�WJBCMF mSNT� 4JODF Y = 0
 V C
1 < V

B
1 � QFS 1SPQPTJUJPO �
 JOTPMW�

FODZ JNQMJFT MJRVJEBUJPO PS CBOLSVQUDZ� 'PS BMM D ≤ X1
 IPXFWFS
 EB
1 < EL

1 � ɩF
mSN EPFT OPU TUSBUFHJDBMMZ EFGBVMU�

$POTJEFS OPX WJBCMF mSNT� "T EJTDVTTFE JO 4FDUJPO ���
 GPS TPNF X1 FOUSFQSFO�
FVST BSF CFUUFS PĊ JO B XPSLPVU UIBO UIFZ XPVME CF DPOUJOVJOH XIJMF TPMWFOU�DSFBUJOH
��/PUF UIBU FWFO JG UIF mSN XFSF UP HP CBOLSVQU JU XPVME CF JNNFEJBUFMZ MJRVJEBUFE� ɩF OFX MPBO JT
SFRVJSFE UP DPOUJOVF PQFSBUJOH 	GPS FYBNQMF
 UP QBZ XBHFT

 UIVT FWFO JG UIF KVEHF NBOEBUFE SFPSHBO�
JTBUJPO OP GVOEJOH XPVME FNFSHF UP NBLF UIBU QPTTJCMF�

��*O BO BMUFSOBUJWF TDFOBSJP
 UIF FOUSFQSFOFVS DPVME TUFBM BMM PG X1� 6TJOH BOBMPHPVT BSHVNFOUT
 OPO�
WJBCMF mSNT BMXBZT PCUBJO DSFEJU
 XIFSFBT WJBCMF mSNT EJE BOZXBZ QFS 1SPQPTJUJPO �	JJ
�

��



# 3PCVTUOFTT

NPUJWF GPS TUSBUFHJD EFGBVMU� /FWFSUIFMFTT
 DSFEJUPST FYQFDU BU MFBTU K0 FWFO JO SFPS�
HBOJTBUJPO XIFO X1 JT OBVHIU� 4JODF SFPSHBOJTBUJPO JT CZ EFmOJUJPO DPVSU�TVQFSWJTFE
BOE UIF KVEJDJBSZ BTTVNFE FUIJDBM
 XPSTU�DBTF�TDFOBSJP DSFEJUPST UVSO UP JU GPS GVUVSF
PWFSTJHIU��� 3FHBSEMFTT
 WJBCMF mSNT BMXBZT HFU DSFEJU� *G CBOLSVQUDZ HVBSBOUFFT SF�
PSHBOJTBUJPO XIFO DSFEJUPST GBWPVS JU PS JG FOUSFQSFOFVST DBOOPU TUFBM UJNF � FBSOJOHT

mSNT FċDJFOUMZ DPOUJOVF� 0UIFSXJTF
 KVEJDJBM FSSPS NBZ DBVTF QSFNBUVSFMZ MJRVJEBU�
JOH B NJOPSJUZ PG UIFN�

#�� #BSHBJOJOH QPXFS� ɩF GPMMPXJOH TFDUJPO TLFUDIFT NPEFM DPODMVTJPOT XIFO
UIF FOUSFQSFOFVS BOE DSFEJUPS TIBSF CBSHBJOJOH QPXFS EVSJOH EFCU SFOFHPUJBUJPOT� "T�
TVNF mSTU CBSHBJOJOH QPXFS JT BMMPDBUFE FOUJSFMZ UP UIF FOUSFQSFOFVS� $SFEJUPST BDDFQU
BOZ EFCU DPOUSBDU UIBU JT OP XPSTF UIBO UIFJS FYQFDUFE SFUVSOT JO GPSNBM CBOLSVQUDZ�
FOUSFQSFOFVST UIFSFGPSF PĊFS B SFWJTFE EFCU DPOUSBDU D̃ UIBU TPMWFT

C
W
1 = C

B
1 . 	#���


4JNJMBSMZ 
XIFO DSFEJUPST IBWF BMM UIF CBSHBJOJOH QPXFS
 FOUSFQSFOFVST BDDFQU BOZ
XPSLPVU QSPQPTBM UIBU HJWFT UIFN BU MFBTU BT NVDI BT UIFJS FYQFDUFE FBSOJOHT JO GPSNBM
CBOLSVQUDZ� /PX
 D̃ JT UIF TPMVUJPO UP

E
W
1 = E

B
1 . 	#���


8IFO FOUSFQSFOFVST BOE DSFEJUPST TIBSF CBSHBJOJOH QPXFS
 FBDI FYUSBDUT B QSP�
QPSUJPO PG UIF TVSQMVT GSPN &RVBUJPO 	#���
 BOE &RVBUJPO 	#���

 SFTQFDUJWFMZ� 5P
JMMVTUSBUF UIF DPODFQU
 * JOUSPEVDF B OFX WBSJBCMF
 z
 XIFSF z JT B OVNCFS CFUXFFO [FSP
BOE �� *O UIJT GSBNFXPSL
 UIF OFX EFCU DPOUSBDU
 D̃
 TPMWFT

z(E
W
1 − E

B
1 ) = (1− z)(C

W
1 − C

B
1 ). 	#���


z = 0 HSBOUT UIF FOUSFQSFOFVS BMM CBSHBJOJOH QPXFS� z = 1 HSBOUT JU UP UIF DSFEJUPS�
z ∈ (0, 1) QFSNJUT TIBSJOH XPSLPVU TVSQMVT� 5P TJNQMJGZ FYQPTJUJPO
 &RVBUJPO 	#���

FYQSFTTFT &RVBUJPO 	#���
 JO UFSNT PG DSFEJUPS SFUVSOT
 POMZ�

C
W
1 = CB

1 + z(V
C
1 − V

B
1 ). 	#���


*G B TFUUMFNFOU JT SFBDIFE
 UIF DSFEJUPS QSFGFST MJRVJEBUJPO UP B XPSLPVU JG BOE POMZ
JG CW

1 ≤ CL
1 � QMVHHJOH JO &RVBUJPO 	#���

 UIF DPOEJUJPO JT

C
B
1 + z(V

C
1 − V

B
1 ) ≤ CL

1 . 	#���

ɩF FOUSFQSFOFVS QSFGFST MJRVJEBUJPO UP B XPSLPVU JG BOE POMZ JG EW

1 ≤ EL
1 
 PS

FRVBJWBMFOUMZ

CL
1 ≤ CB

1 + z(V
C
1 − V

B
1 )− (V

C
1 − V L

1 ). 	#���

��Y = 0 JNQMJFT OP DPSSVQUJPO
 J�F�
 BO FUIJDBM KVEJDJBSZ�

��
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V
C
1 ≤ V L

1 JT B OFDFTTBSZ DPOEJUJPO GPS CPUI &RVBUJPO 	#���
 BOE &RVBUJPO 	#���

UP IPME TJNVMUBOFPVTMZ� UIVT
 GPS OP z ∈ [0, 1] BSF WJBCMF mSNT FWFS JOFċDJFOUMZ MJ�
RVJEBUFE JO B TFUUMFNFOU� 4JODF C

W
1 JT JODSFBTJOH JO z
 DSFEJUPS MPTTFT GSPN EFGBVMU

EFDMJOF�BT EP DSFEJU SBUJPOJOH BOE UIF DPTU PG EFCU�
'PS OPO�WJBCMF mSNT
 B OFDFTTBSZ BOE TVċDJFOU DPOEJUJPO GPS D̃ UP FYJTU JT GPS

SFUVSOT JO DPOUJOVBUJPO UP FYDFFE DSFEJUPST� FYQFDUFE SFUVSOT JO CBOLSVQUDZ QMVT UIFJS
CBSHBJOJOH TVSQMVT BXBSEFE EVSJOH SFOFHPUJBUJPOT�

C
B
1 + z(V

C
1 − V

B
1 ) ≤ V

C
1 . 	#���


#FDBVTF C
B
1 JT JODSFBTJOH JO D
 CB

1 ≤ V
B
1 � ɩVT B TVċDJFOU 	CVU OPU OFDFTTBSZ


DPOEJUJPO GPS &RVBUJPO 	#���
 UP CF TBUJTmFE JT

V
B
1 ≤ V

C
1 , 	#���


J�F�
 UIF TBNF DPOEJUJPO GSPN 1SPQPTJUJPO ��
$POTJEFS UIF TFU PG mSNT UIBU WJPMBUF &RVBUJPO 	#���
� "T z JODSFBTFT
 UIF MFGU�

IBOE TJEF PG &RVBUJPO 	#���
 EFDMJOFT� 8PSLPVUT NPSF MJLFMZ FYJTU� #FDBVTF UJNF
� DMBJNT CZ DSFEJUPST UIBU UIFZ XJMM IBWF OP DIPJDF CVU UP mMF GPS CBOLSVQUDZ BSF MFTT
DSFEJCMF
 FOUSFQSFOFVST BSF MFTT XJMMJOH UP BDDFQU B MPBO DPOUSBDU XJUI BO FYIPSCJUBOUD
QFS 1SPQPTJUJPO �	JJ
� ɩF QSPmUBCMF OJDF MFOEJOHNBSLFUNBSLFU 	$PSPMMBSZ �
 TISJOLT�
8IFO DSFEJUPST IBWF BMM UIF CBSHBJOJOH QPXFS 	z = 0

 &RVBUJPO 	#���
 DPMMBQTFT UP
C

B
1 ≤ V

B
1 �XIJDI JT BMXBZT TBUJTmFE� 1SPQPTJUJPO �	J
 BQQMJFT UP BMM mSNT� OP mSN

HPFT CBOLSVQU BOE UIFSF BSF OP TVQSBOPSNBM QSPmUT JO MFOEJOH�

$ &YUFOTJWF GPSN
'JHVSF $�� JT BO FYUFOTJWF GPSN SFQSFTFOUBUJPO PG UIF CBOLSVQUDZ HBNF� ɩJT SFQSFT�
FOUBUJPO JT OPU VOJRVF�UIF BDUJPOT BOE QSPPGT 	"QQFOEJY "
 BSF BMTP DPOTJTUFOU XJUI
B HBNF JO XIJDI UIF FOUSFQSFOFVS mMFT GPS CBOLSVQUDZ BOE�PS UIF DSFEJUPS QSPQPTFT UP
MJRVJEBUF PS FOUFS B XPSLPVU��� $PNQMFUF EFUBJMT PO BTTVNQUJPOT BOE MFHBM SBUJPOBMF
CFIJOE BDUJPOT JO CBOLSVQUDZ BSF PVUMJOFE JO 4FDUJPO �� B CSJFG EFTDSJQUJPO JT QSPWJEFE
JO UIF OPUFT�

��*U JT TUJMM BTTVNFE UIF FOUSFQSFOFVS IBT BMM UIF CBSHBJOJOH QPXFS XIFO OFHPUJBUJOH B XPSLPVU
 UIVT
JG UIF DSFEJUPS NBLFT UIF XPSLPVU PĊFS
 JU XPVME TBUJTGZ -FNNB �� 'PS B GVMM EJTDVTTJPO PO IPX UIF
FOUSFQSFOFVS�T CBSHBJOJOH QPXFS DIBOHFT UIF HBNF
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'ĚĘĦģĖ $�Ǻ� ɩF CBOLSVQUDZ HBNF
 FOUSFQSFOFVS NPWFT mSTU JO SFOFHPUJBUJPOT
ǲF HBNF� ɩF FOUSFQSFOFVS 	&
 NPWFT mSTU CZ NBLJOH B UBLF�JU�PS�MFBWF�JU PĊFS UP CPSSPX K0 BU UJNF � BOE SFQBZ TPNF BNPVOU
D BU UJNF � 	OPEF �
� ɩF DSFEJUPS 	$
 UIFO BDDFQUT UIF QSPQPTBM
 & CVZT UIF NBDIJOF BOE UIF QSPKFDU TUBSUT 	OPEF �
 PS $ SFKFDUT
UIF QSPQPTBM BOE UIF QSPKFDU JT OPU SFBMJTFE 	OPEF �
� "U UJNF �
 /BUVSF NPWFT CZ TFMFDUJOH UIF SFBMJTBUJPO PG X1
 XIJDI EFUFSNJOFT
XIFUIFS UIF QSPKFDU JT TPMWFOU 	OPEF �
 PS JOTPMWFOU 	OPEF �
� *G UIF QSPKFDU JT TPMWFOU
 & NBZ DIPPTF UP MJRVJEBUF 	OPEF ��
 PS
DPOUJOVF PQFSBUJOH UIF mSN 	OPEF �
� *G UIF QSPKFDU JT JOTPMWFOU
 & NBZ QSPQPTF UP $ UP MJRVJEBUF 	OPEF �
 PS FOUFS B XPSLPVU
	OPEF �
� *G & QSPQPTFE UP MJRVJEBUF BOE $ BDDFQUT
 UIF QSPKFDU JT WPMVOUBSJMZ MJRVJEBUFE 	OPEF ��
� JG $ SFKFDUT
 UIF QSPKFDU FOUFST
CBOLSVQUDZ 	OPEF ��
� *G & QSPQPTFT B XPSLPVU BOE $ BDDFQUT
 UIF QSPKFDU FOUFST B XPSLPVU 	OPEF ��
� JG $ SFKFDUT
 UIF QSPKFDU
FOUFST CBOLSVQUDZ 	OPEF ��
� *O CBOLSVQUDZ
 UIF KVEHF 	 +
 NBZ SVMF UIF mSN JT OPO�WJBCMF
 JO XIJDI DBTF UIF mSN FOUFST DPNQVMTPSZ
MJRVJEBUJPO 	OPEFT �� BOE ��

 PS SVMF JU JT WJBCMF BOE UIF mSN FOUFST SFPSHBOJTBUJPO 	OPEFT �� BOE ��
� *G UIF mSN JT BU OPEFT �
 ��

�� PS ��
 /BUVSF NPWFT BHBJO BU UJNF � CZ TFMFDUJOH UIF SFBMJTBUJPO PG X2� "U UJNF � UIF QSPKFDU JT TIVU EPXO
 UIF NBDIJOF TPME GPS
K2
 UIF DSFEJUPS QBJE UIF NJOJNVN PG UIF QSPKFDU WBMVF BOE D 	OPEFT ��
 �� BOE ��
 PS D̃ 	OPEF ��
 BOE UIF FOUSFQSFOFVS SFUBJOT
XIBUFWFS JT MFGU�
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